THE ALEXANDER POLYNOMIAL OF PLANAR EVEN VALENCE GRAPHS

This is a preprint. We would be grateful for any comments and corrections!

K. Murasugi and A. Stoimenow^{∗†}

Department of Mathematics, University of Toronto, Canada M5S 3G3 e-mail: {murasugi,stoimeno}@math.toronto.edu, WWW: http://www.math.toronto.edu/stoimeno/

Current version: May 17, 2003 First version: May 3, 2001

Abstract. We show how the Alexander/Conway link polynomial occurs in the context of planar even valence graphs, refining the notion of the number of their spanning trees. Then we apply knot theory to deduce several statements about this graph polynomial, in particular estimates for its coefficients and relations between congruences of the number of vertices and number of spanning trees of the graph.

1. Introduction

A graph G will have for us possibly multiple edges and loop edges (edges connecting one and the same vertex). V (G) will be the set of vertices of G, and E(G) the set of edges of G (each multiple edge counting as a set of single edges). v(G) and e(G) will be the number of vertices and edges of G (thus counted), respectively.

We call a graph even valence, if all its vertices have even valence.

Consider an arbitrary even valence graph G. A canonical edge orientation is an orientation of the edges of G, such that one half of the edges incident to each vertex v in G are incomingly and outgoingly oriented w.r.t. v (compare to definition 9.4, p. 138, in [17]).

Let G be a connected even valence graph with one of its canonical edge orientations. Let v ∈ V (G) be a root vertex.

Consider a spanning tree Γ ⊂ G. Γ has a canonical edge orientation “towards the root”. This orientation is defined by requiring that each non-root vertex has exactly one outgoing edge in Γ , while the root has none. (The canonical edge orientation of Γ is not to be confused with the canonical edge orientation of G; since a tree is never an even valence graph, there is no overlap of the two notions.) We say that an edge e in Γ is coherently oriented, if its canonical orientation in Γ w.r.t. the root v is the same as its canonical orientation in G. Otherwise call e incoherently oriented. Define the index i(Γ ,G,v) of Γ in G to be the number of incoherently oriented edges in Γ .

Definition 1 Define a polynomial of G by

Δ_G(t) = Δ (G) := ∑

Γ ⊂G sp. tree

t^{i(Γ ,G,v)} ∈ Z[t]. (1)

We will often omit for simplicity the index or argument of Δ , when they are clear from the context. The abuse of v in the notation will become clear later.

Clearly s(G) = Δ_G(1) is the number of spanning trees of G. Beside this fact, one may wonder why it is interesting to consider this graph polynomial. However, in a special case this polynomial turns out to be well-known from knot

∗Supported by a DFG postdoc grant.

†On leave from: Max-Planck-Institut für Mathematik, Vivatsgasse 7, D-53111 Bonn, Germany 1

2 2 Some general properties of Δ_G

theory, and (in this special case) latter can be applied in the study of it and in particular of the number of spanning trees of G. This relationship between graph and knot theory relies on early work of Kauffman [17] and the first author (see [27] for a review), and has proved fruitful in the study of graphs using knot theoretical methods (see e.g. [13]).

After stating some general features of Δ_G in the next section, we will explain in sections 3, 4 and 5 the relation of a special case of Δ_G to knot theory, and then state in §6 the properties of Δ_G we can prove using the tools it provides. We conclude describing in §7 some problems about Δ_G which would be of interest for knot theory and are made now (hopefully) more accessible by the graph theoretic description of Δ_G.

2. Some general properties of Δ_G

We start with the following presentation of Δ_G.

Theorem 1 Let G be an even valence graph with some fixed canonical edge orientation. Define a matrix M = (m_{i j}) of size v(G) × v(G) by

m_{i j} = { −#{edges directed from vertex i to vertex j } i ≠ j 1/2 valence of vertex i i = j .

Then Δ_G(t) = det ( M + tM^T ) , where M means M with some row and column (of the same index) discarded.

Proof. This is an application of the Kirchhoff-Tutte matrix-tree theorem [40]. Explicitly, consider its most general version proved in [7, p. 379 bottom]. Replace each edge

ij in G by

i j 1 t (2)

(note that the canonical edge orientation of a tree in (1) is opposite to the orientation of an arborescence there), and set M_{i j} = 1 or t as given by the labeling of the edges on the right of (2), and all x_j = 1. (See also [28, theorem p. 195 bottom]; further references are [5, 22, 44].) □

As a consequence we obtain some simple properties of Δ_G.

Definition 2 The join (or block sum, as called in [27]) ‘∗’ of two graphs is defined by

∗ =

This operation depends on the choice of a vertex in each one of the graphs. We call this vertex the join vertex.

Definition 3 Let [P]_ta = [P]_a be the coefficient of t^a in a polynomial P ∈ Z[t^{±1}]. Let

mindegP = min{a ∈ Z : [P]_a ≠ 0}, maxdegP = max{a ∈ Z : [P]_a ≠ 0},

spanP = maxdegP − mindegP, maxcfP = [P]_{maxdegP} .

Proposition 1 Let G be an even valence graph with some fixed canonical edge orientation. Define Δ_G as above (for some fixed root vertex). Then

1) Δ_G is independent on the choice of root.

2) Δ_G(t) = t^{v(G)−1}Δ_G(1/t), that is, Δ_G is invariant under switching simultaneously the orientation of all edges in G. 3) mindegΔ_G = 0 and maxdegΔ_G = v(G) − 1 .

4) Δ_G is a positive polynomial, i.e. [Δ_G]_i > 0 for any 0 ≤ i ≤ v(G) − 1.

5) For any two even valence graphs G_{1,2} we have Δ_{G1∗G2} = Δ_{G1} · Δ_{G2} , in which way ever the join is performed. Proof.

1) The first property follows from theorem 1, since M has zero entry sum in any row and column. 2) The second property is also straightforward from theorem 1. In particular, mindegΔ_G + maxdegΔ_G = v(G) − 1. (3) 3) Because of (3), for the third property it suffices to show that each G has a (spanning) tree of index 0 for some choice of root.

For this we proceed by induction on v(G). If v(G) = 1, then the claim is trivial.

Otherwise consider G with v(G) > 1. Fix some edge e in G directed from vertex i to vertex j. Let G_e be G with e contracted and w be the vertex in G_e obtained by the unification of i and j. The contraction defines a map ê : E(G) \ {e} → E(G_e) given by replacing any vertex i and j occurring as source or destination of an edge in G by w. If we consider (and shall do so from now on) a multiple edge as a set of single edges, then ê is a bijection. (Here a set is to be understood with the order of its elements ignored, but with their multiplicity counted, i.e. {1,1,2,3} = {1,1,3,2} ≠ {1,2,3}.)

G_e has by induction some index 0 tree (for some root). Then by the first part, there is an index 0 tree in G_e for any root, in particular for w. Let Γ be such a tree. Define a tree Γ^′ ⊂ G by Γ^′ = ê^{−1}(Γ ) ∪ e. This gives an index 0 tree Γ^′ in G with root j, thereby completing the induction argument. (See lemma 9.5, p. 139 of [17] for a slightly different proof.)

4) For the fourth property one has to show that a tree of any possible index between 0 and v(G) − 1 exists. This can be easily achieved by modifying the argument above for index 0, since by switching between vertices i and j as the new roots of Γ one can add e to Γ to be either a coherently or incoherently oriented edge in Γ^′.

5) We already showed that Δ is independent on the choice of root, and the fifth property is straightforward to check for the root being the join vertex. □ Another property (whose importance will be motivated later) is as follows.

Proposition 2 For any even valence graph G with fixed canonical edge orientation and root v, and polynomial Δ = Δ_G defined is in (1), we have [Δ ]_0 ≤ [Δ ]_1.

Proof. Let T_k be the set of rooted oriented spanning trees T of G of index k. Thus |T_k| = [Δ ]_k. Now we define a map ϕ : T_0 → P (T_1) \ {∅}, where P (A) denotes the power set (set of all subsets) of A. We will have that ϕ(T_1) ∩ ϕ(T_2) = ∅, (4) for T_1 ≠ T_2, so that the claim will follow.

For each vertex p of G fix a bijection χ_p between the incoming and outgoing edges of G w.r.t. p.

4 3 Δ_G for planar graphs

Take a tree T ∈ T_0. Since T is a tree, T has stumps, i.e. vertices of valence one different from the root v. Take one of the stumps p, and let e be the outgoing edge w.r.t. p in T . Let e^′ = χ_p(e), and

T^′(e) := (T \ e) ∪ χ_p(e).

We claim that T^′ = T^′(e) ∈ T_1. First T^′(e) is cycle-free. Otherwise, let C be a cycle in T^′. If C does not contain e^′, then T^′ \ e^′ contains C, and hence so does T = (T^′ \ e^′) ∪ e, which is a tree, a contradiction. If C contains e^′, then it contains at least two edges incident to p in T , contradicting the assumption that p is a stump in T .

Thus T^′ is a forest. Clearly T^′ is a spanning forest, and as e(T^′) = e(T ) = v(T )−1 = v(T^′)−1, it must be a spanning tree. Since e^′ is the only edge in T^′ oppositely oriented in G and T , we have T^′(e) ∈ T_1.

Then set ϕ(T ) := {T^′(e) : e is incident to a stump in T }.

Since if T^′ ∈ ϕ(T ), we have T = (T^′ \ e^′) ∪ χ^{−1}_p (e^′), where e^′ is the (only) oppositely oriented edge in T^′ and p is the stump it is incident to in T^′. This implies (4), and hence the assertion we wished to prove. □

Remark 1 Suppose [Δ ]_0 = [Δ ]_1. Then from the proof it follows that every tree in T_0 must have exactly one stump. Therefore, G is a chain, in which edge is possibly replaced by the same number, say m, of parallel edges with the same orientation:

or (2m edges) .

In the first case, Δ_G(t) = m^{v(G)−1} ( 1 + t + ... + t^{v(G)−1} ) , and in the second case Δ_G(t) = m(1 + t).

3. Δ_G for planar graphs

A graph G is called planar if it is embeddable into the plane. It is a priori convenient to assume that a planar embedding of G is fixed. (Although we will later show that we can drop this assumption.) When a planar graph is equipped with a planar embedding, we call it a plane graph. Planar embeddings will be considered up to isotopy in the plane and change of the unbounded cell. (A cell is called a connected component of the complement of G in the plane.)

For plane graphs there is the classical notion of duality: to a plane graph G we associate its dual (plane) graph G^∗ by assigning to each cell of G a vertex of G^∗ and for each edge e an edge between the (vertices of) the regions E_1 and E_2 in G^∗, where e ⊂ ∂E_1 and e ⊂ ∂E_2. Clearly G^{∗∗} = G.

There is a bijection between bipartite and even valence graphs among plane graphs, given by duality. The fact should be folklore, but we give a proof, since it entails a construction (of alternating edge orientation) which will become of importance shortly.

Lemma 1 Let G be a plane graph. Then G is bipartite ⇐⇒ G^∗ is even valence.

Proof. If G is bipartite, then all cycles in G have even length. Therefore, the number of edges bounding a cell is even, and hence G^∗ is even valence. The converse follows from the next lemma: if G has even valence, then the edges of G can be alternatingly oriented. Then the edges bounding a fixed cell are all clockwise or all counterclockwise oriented as seen from inside this cell. The distinction between these two orientations gives the bipartition of G^∗. □

Lemma 2 Let G be a plane bipartite graph. Then the edges of G can be oriented so that each two edges neighboredly incident to a vertex (incident to it and bounding a common cell) have different orientation (between incoming or outgoing) with respect to this vertex.

We call this an alternating edge orientation of G.

Proof. G can be simplified to the trivial graph (no edges) by removing cell boundaries. This does not spoil the even valence property. Thus it suffices to construct the edge orientation inductively. Whenever (boundary edges of) a new cell I are restored inside an old cell J, orient all edges of the boundary ∂I of I oppositely (between clockwise or counterclockwise) to those in ∂J. If there is no such J, then I connects two different connected components. In this case the orientation of I may be chosen properly after eventually reversing the orientation of all edges in one of the components. □

Remark 2 The alternating edge orientation is unique up to reversing the orientation of all edges in each connected component.

It is clear that for a plane even valence graph G an alternating edge orientation is in particular a canonical edge orientation. Thus we can consider Δ_G defined as in (1) in this special case. This is the case related to knot theory. In order to explain this relationship, we need some knot theoretical preliminaries.

4. Checkerboard colorings and Alexander polynomial

The aim of this section is to introduce one of the most fundamental invariants of knots and links, the Alexander polynomial [1] Δ (the coincidence of this notation with our graph polynomial is not accidental), and a way how this polynomial can be graph theoretically calculated.

4.1. A state model for the Alexander polynomial

We start by describing a state model for (the calculation of) the Alexander polynomial Δ developed by Kauffman from Alexander’s original definition of Δ [1]. The ideas are described in Kauffman’s book [17] (see in particular §§4,6 and 9), and, following his exposition [16], are presented here in a more detailed and slightly different form, also adapted to our subsequent applications to graphs. We start with a bit of terminology.

Definition 4 A region of a link diagram is a connected component of the complement of the (plane curve of) the diagram. An edge of D is the part of the plane curve of D between two crossings (clearly each edge bounds two regions). We call two regions opposite at a crossing p, if p lies in the boundary of both regions, but they do not share any of the four edges bounded by p.

Consider an oriented n crossing link diagram D and choose n regions R_1,... ,R_n in the complement of the diagram, such that the remaining two regions R^′_1 and R^′_2 are adjacent (that is, share an edge). Number the crossings of D to be c_1,...,c_n. If c_j is not adjacent to R_i (i.e. c_j ∉ ∂R_i), then set A_{i, j} = 0. Else consider the 4 regions around c_j and give each of them values of A_{i, j} in ±1, ±t depending on the side from which R_i meets c_j:

1−tt−1 (5)

(the orientation of the undercrossing strand is irrelevant).

6 4 Checkerboard colorings and Alexander polynomial

Then Alexander defines Δ (D) .= det(A_{i, j})^n_{i, j=1} ,

‘ .=’ denoting equality up to units in Z[t,t^{−1}], and shows that (up to this multiplicative ambiguity) Δ (D) is independent on which diagram D of a given link L, and which adjacent regions R^′_{1,2} of D we choose, and thus becomes a link invariant Δ_L.

When writing

det(A_{i, j}) = ∑ σ∈S_n (−1)^σ n ∏_{i=1}^Ai,σ(i)^{, (6)}

the contribution of a permutation σ is non-zero if and only if R_i → c_{σ(i)} is an assignment of a crossing to a region meeting it, such that each crossing is assigned exactly once, and then this contribution is a monomial. Denote this correspondence by an arrow from the region to the crossing:

R_i −→ c_{σ(i)} .

Consider D̂ ⊂ R^2 , the (image of) the associated immersed plane curve(s) of D. For each crossing (self-intersection) of D̂ there are 2 ways to splice it:

−→ or . (7)

We call a choice of splicing for each crossing a state. This terminology was introduced by Kauffman in the context of the bracket model for the Jones polynomial [15]. We call states for which the resulting collection of disjoint circles has only one component (a single circle) monocyclic.

Then, replacing in (7)

−→ −→ , (8) it is an easy exercise to see that these splicings of the crossings define a monocyclic state.

To see this, notice that if at some point the splicing (8) disconnects the diagram into 2 components D_{1,2} of n_{1,2} crossings, then the adjacency of the 2 regions R^′_{1,2} implies that for some k ∈ {1,2}, all regions of D_k except one are among the R_i’s, such that σ must assign the n_k crossings of D_k to n_k + 1 regions, a contradiction.

Similarly, one argues that each monocyclic state can be realized only once, because a rearrangement of the arrows to give the same splicings will result in splicings which disconnect the diagram.

That each monocyclic state is indeed realized by a permutation, follows from considering the alternating diagram D^′ obtained from D by crossing changes.

A link diagram is called alternating if each strand alternatingly passes crossings as under- and overpass, and there is always a way to switch the crossings of any link diagram so as it to become alternating, canonical up to simultaneous switch of all crossings.

The number of monocyclic states of D is equal to the determinant of D^′ (see [19]); the determinant is the link invariant given by det(D^′) = |Δ_D′ (−1)|. From this identity it follows, that each monocyclic state must indeed be realized by a permutation in (6), otherwise the number of (unit) monomials adding up in (6) to Δ_D, and hence to Δ_D′ , would be smaller than det(D^′) = |Δ_D′ (−1)|, which is impossible.

Therefore, we have

Proposition 3 (see Theorem 2.4 of [17]) There is a bijection, given by (8), between arrow assignments with non-zero contributions to the sum in (6), and monocyclic states in the bracket model. □

4.2 Checkerboard colorings and graphs 7

Then the calculation of the determinant of the matrix (A_{i, j}) via (6) can be interpreted as a “state sum”, the non-trivial summands being units and coming exactly from the monocyclic states in the bracket model.

Remark 3 A cancellation of the units contributed by such monocyclic states occurs iff the diagram D is nonalternating. This can be seen directly from the construction of (A_{i, j}), or by using the argument for the bracket model for the Jones polynomial V and the identity Δ (−1) = V (−1).

4.2. Checkerboard colorings and graphs

Here we describe the following construction, linking graph and knot theory (see e.g. [15]): given an alternating diagram D of a knot (or link; knots are considered one-component links), we can associate to it its checkerboard graph.

The checkerboard coloring of a link diagram is a map { regions of D } → { black, white } s.t. regions sharing an edge are always mapped to different colors. (A region is called a connected component of the complement of the plane curve of D.)

The checkerboard graph G(D) of D is defined to have vertices corresponding to black regions in the checkerboard coloring of D, and an edge for each crossing p of D connecting the two black regions opposite at crossing p (so multiple edges between two vertices are allowed). The construction of the checkerboard graph defines a bijection { alternating diagrams up to mirroring } ←→ { plane graphs up to duality }.

We call the inverse of G, reconstructing D from G(D), by D, i.e. D(G(D)) = D.

Duality of the plane graph corresponds to switching colors in the checkerboard coloring and has the effect of mirroring the alternating diagram if we fix the sign of the crossings so that each crossing looks like rather than .

Remark 4 D has no nugatory crossings ⇐⇒ G(D) has no loop edges and is 2-connected (i.e., the removal of any single edge does not disconnect it).

The importance of the determinant in our graph theoretical context lies in the following

Lemma 3 det(D) is the number of spanning trees in a checkerboard graph of D for any alternating link diagram D.

Proof. As mentioned, by the Kauffman bracket definition of the Jones polynomial V , for an alternating diagram D, the determinant det(D) = |Δ_D(−1)| = |V_D(−1)| can be calculated by counting the monocyclic states of D. Let Γ be a spanning tree of the checkerboard graph G of D. Define a state S(Γ ) as follows: for any edge v in G set

v −→ v ∉ Γ

v ∈ Γ . (9)

Then it is easy to check that S gives a bijection between monocyclic states of D and spanning trees of G. □

8 5 Unifying Δ_G and Δ_D

4.3. The Conway polynomial

There is a way to fix the multiplicative ambiguity in the definition of Δ_D by a specific choice of normalization. This naturally happens when introducing Δ as a reparametrization of Conway’s polynomial [9] ∇ ∈ Z[z]. ∇ can be defined by ∇(◯) = 1 and the skein relation ∇_+ − ∇_− = z∇_0. Then set Δ̃ (t) := ∇(t^{1/2} − t^{−1/2}) ∈ Z[t^{±1/2}]. (10) Δ̃ turns out to be a specific normalization of Δ , i.e. Δ̃_D .= Δ_D. See Theorem 6.9 of [17]. Δ̃ is usually still denoted by Δ , but it is helpful to distinguish here between the normalized and unnormalized version. It follows from the skein relations that [∇_L(z)]_zi = 0 if i has the same parity as the number c(L) of components of L, and that z^{c(L)−1} | ∇_L(z) for a link L. This fact has several consequences, summarized here, since they will be used in the sequel.

First, wee see that Δ̃ (1/t) = (−1)^{c(L)−1}Δ̃ (t). (11) Also spanΔ̃_L = maxdeg∇_L, and it has the opposite parity to c(L). We also have that (t^{1/2} − t^{−1/2})^{c(L)−1} | Δ̃_L(t), and in particular

2^{c(L)−1} | | |Δ_L(−1)|; (12)

The converse is not true in general, that is, 2^{1−c(L)}|Δ_L(−1)| may be even (and non-zero). However, this does not happen if L is a knot. For a knot K we have the special form ∇_K(z) ∈ 1 + z^2Z[z^2].

Thus Δ̃_K(1) = ∇_K (0) = 1. (13) Also Δ̃_K (−1) = ∇_K (2i) ≡ 1(4) (i = √ −1). (14)

Since det(K) = |Δ_K (−1)|, it follows from (13) that a link has odd determinant if (and by (12) only if) it is a knot. Finally, note also that (10) can be used to define ∇ from Δ̃ .

5. Unifying Δ_G and Δ_D

Definition 5 An oriented link diagram is called positive/negative, if all its crossings look like or all look like . A link is called positive/negative if it has a positive/negative diagram.

Definition 6 A region of a diagram is called Seifert circle region (resp. non-Seifert circle, or hole region), if any two neighbored edges in ∂R (i.e., such sharing a crossing) are equally (resp. oppositely) oriented (between clockwise or counterclockwise) as seen from inside R. A diagram is called special iff all its regions are (either) Seifert circle regions or hole regions.

It is a well-known fact (see e.g. [10, §1] or Lemma 9.2, p. 128 of [17]) that two of the three properties of a link diagram to be positive/negative, alternating and special imply the third. Thus in an alternating positive/negative diagram D each region is either a Seifert circle region or a hole region, and (hence) among the two regions bounded by an edge exactly one is of either types. Then the partition of the regions of D into Seifert circle regions and hole regions coincides with the partition into black and white regions in a checkerboard coloring of D. The importance of special alternating diagrams to our context comes from

Proposition 4 Let G be a plane connected graph. Then

G is even valence ⇐⇒

D(G) can be oriented to be special, and with this orientation G is this one of the two checkerboard graphs of D(G), whose vertices correspond to the non-Seifert circle regions of D(G).

Proof. ‘⇐=’ Since any two neighbored edges bounding a hole region R in a special alternating diagram D are oppositely oriented w.r.t. R, the number of such edges must be even for all R. Then G is even valence.

‘=⇒’ Contrarily, let G be even valence (equivalently, G^∗ be bipartite) and consider D(G) = D(G^∗). Let the vertices of G correspond to w.l.o.g. black regions in a checkerboard coloring of D(G). I.e., the checkerboard graph with vertices in the white regions of D(G) is G^∗, which is bipartite.

Fix a white region R. Orient all edges in its boundary clockwise. Then proceed by induction as follows: whenever the edges of a white region S are oriented (as seen from inside S) clockwise (resp. counterclockwise), orient the edges of the boundary of a white region T opposite to S at some crossing counterclockwise (resp. clockwise). Because G^∗ is bipartite, this ensures that the choice of orientation of ∂T is independent on the way we arrive to orient ∂T .

Since every edge in D(G) bounds exactly one white region, there is no ambiguity of assigning an orientation to a given edge from the two regions it bounds, and each edge is oriented. A local picture at each crossing then shows that this edge orientation defines an orientation of the link. □

We are now prepared to show the result which makes it possible to link knot and graph theory.

Theorem 2 Let G be an even valence plane connected graph, and D = D(G) its associated special alternating link diagram by proposition 4. Then Δ_G(t) .= Δ_D(−t).

Proof. Fix two adjacent regions R^′_{1,2} in D. Let R^′_2 be the hole region among both. We have then

Δ_D(t) .= ∑ σ∈S_n (−1)^σ n ∏_{i=1}^Ai,σ(i)^{, (15)}

with the sum taken de facto over all σ ∈ S_n s.t. c_{σ(i)} ∈ ∂R_i for all i = 1,...,n. We call such σ good.

As discussed in §4.1, the number of such σ is det(D) = εΔ_D(−1) for some ε = ±1. Then it follows from (15), that for all σ the summands (−1)^σ n ∏_{i=1}^Ai,σ(i)

are of the form ε · (−t)^{nσ} for certain numbers n_σ (otherwise cancellations will occur).

Order the R_1,... ,R_n so that R_1,... ,R_s are the Seifert circle regions. Then the r.h.s. of (15) can be split as

∑_{σ∈Sn}^{(−1)σ n}∏_{i=s+1}^Ai,σ(i)^{· s}∏_{i=1}^Ai,σ(i)^.

But because R_1,... ,R_s are Seifert circle regions, for any 1 ≤ i ≤ s, A_{i,p} is independent on p as long as p ∈ ∂R_i. Consequently, the last factor is (a unit and) independent on σ. (This holds in greater generality; see Theorem 6.7 of [17].) Thus

Δ_D(t) .= ∑

σ∈S_n good

(−1)^σ n ∏_{i=s+1}^Ai,σ(i)^.

Still the det(D) summands are non-zero, and are of the form ε^′ · (−t)^{n′σ} .

What remains to show now is that under the bijection σ ←→ Γ = Γ (σ) between an arrow assignment σ in D (giving a non-zero summand) and a spanning tree Γ ⊂ G(D), given by composing (8) and (9), we have_n

∏_{i=s+1}^Ai,σ(i)^{= ±ti(Γ ,G,v)}

with v in G corresponding to R^′_2 in D (note that the vertices of G correspond to the non-Seifert circle regions in D). Now two neighbored corners (corners or neighbored crossings) of a non-Seifert circle region in D receive markings ±1 and ±t in (5). Orient an edge in G corresponding to a crossing with markings ±1 and ±t from the region with marking ±1 to the region with marking ±t:

−t−1R_1R_2 −→ R_1R_2 Then we obtain an alternating edge orientation of G. Similarly, orient every edge in Γ (σ) corresponding to an arrow

−→ by (16)

Then this defines the canonical orientation of Γ . Thus the number of factors ±t in n ∏_{i=s+1}^Ai,σ(i)

is exactly i(Γ ,G,v), and the theorem is proved. □

Remark 5 The theorem, in the way it is proved, holds with Δ_G meant for one specific choice of root v ∈ V (G) and alternating edge orientation of G. However, we already proved in proposition 1 (and shall reprove it in different terms shortly), that Δ_G does not depend on the choice of root. Because of remark 2 the same is true for the choice of alternating edge orientation. We will soon see also that Δ_G is independent on the choice of planar embedding of a given planar even valence graph G, so that it can be defined for a planar (and not just plane) graph.

6. Properties of the polynomial of a planar graph

In the special case we consider, knot theory can say much more on Δ_G than what we proved in §2 for the general case. First, we need some more definitions.

Definition 7 A chain is a connected graph with all vertices of valence 2.

The doubling of an edge is the operation −→ . A bisection of an edge is the operation −→ . (Other edges may be incident from the left- and rightmost vertices on both sides, and the rest of the graph is assumed to be equal.)

A graph is series-parallel (or abbreviatedly SP) if it can be obtained from by iterated doubling and bisecting of edges.

The following theorem now transcribes what we know, or can derive, knot-theoretically in graph-theoretic terms. Beside other values of the graph polynomial, we obtain several inequalities and congruence relations for the number of spanning trees.

Theorem 3 Let G be a connected plane even valence graph with an alternating edge orientation, and Δ = Δ_G its polynomial. Then the following holds.

1) Δ_G(t) is independent on the choice of root v. 2) mindegΔ = 0, maxdegΔ = v(G) − 1.

3) Δ (t^{−1}) = Δ (t) · t^{1−v(G)}, or equivalently, Δ_G is independent on which of either alternating edge orientations of G is chosen.

4) Δ_G is independent on the planar embedding of the planar graph of G. 5) maxcfΔ = 1 ⇐⇒ G is a join of chains.

maxcfΔ = 2 ⇐⇒ G is a join of chains and exactly one copy of the graph M = , or a graph obtained from M by bisecting edges.

6) Define Δ̃_G(t) := (−√t)^{−maxdegΔ} G Δ_G(−t) ∈ Z[t^{±1/2}]. (17) Then for Δ_G(1) odd e(G)^2 8 ≥ 1 2 Δ̃^{′′}(1) ≥ maxdegΔ , (18) and 1 2 Δ̃^{′′}(1) ≥ e(G) 4 (19) if G has (additionally) no loop edges and is 2-connected. 7) Δ (−1) = { 0 Δ (1) ≡ 0(2) 1 Δ (1) ≡ 1(2)

8) Let Δ (1) be odd. Then 4 | (Δ (1) − v(G)), or equivalently, v(G) is also odd, and Δ (1) ≡ 3(4) ⇐⇒ v(G) ≡ 3(4) Δ (1) ≡ 1(4) ⇐⇒ v(G) ≡ 1(4).

If Δ (1) ≡ 2(4), then v(G) is even. 9) Define a polynomial ∇_G(z) ∈ Z[z] by ∇_G(t − t^{−1}) := Δ̃_G(t^2) = (−t)^{−maxdegΔ} Δ_G(−t^2). (20) Then ∇ has coefficients in z^i with i ≤ maxdeg∇ = maxdegΔ and 2 | maxdeg∇ − i. a) ∇ is positive, i.e. for each i ∈ [mindeg∇,maxdeg∇] with 2 | maxdeg∇ − i, [∇(z)]_zi > 0 . b) For any i > 0 there are (explicitly computable) constants C_i such that for any plane even valence graph G it holds [∇_G]_zi ≤ C_i e(G)^i . Moreover, if Δ (1) is odd, we can set (for k even) C_i = 1/√8^k

10) a) Δ (1) ≤ δ^{e(G)}_0 with 1/δ_0 ≈ 0.543689 being the real positive zero of f (x) = x^3 + x^2 + x − 1.

b) If G is additionally series-parallel, then Δ (1) ≤ F_{e(G)} with F_0 = F_1 = 1 and F_n = F_{n−1} + F_{n−2} being the Fibonacci numbers. In particular,

Δ (1) ≤ ( 1 + √ 5 2 )_{e(G)} .

11) If e(G) > 1, then 0 < [Δ ]_t0 ≤ [Δ ]_t1 .

12) For any mindeg∇_G ≤ i ≤ maxdeg∇_G with maxdeg∇_G − i even, we have [∇_G]_{i−2}[∇_G]_{i+2} < [∇_G]^2_i .

13) The coefficients [∇_G]_i of ∇_G are algebraically independent for i > 0 of the opposite parity to v(G) (when considered on all graphs G of fixed parity of v(G)). Similarly, except for the identity [Δ̃_G]_{−i} = (−1)^{2i}[Δ̃_G]_i, the same holds for the coefficients of Δ̃_G for 2i of the opposite parity to v(G).

14) If G is additionally self-dual (i.e. coincides with G^∗ up to changes of the unbounded cell), then

Δ_G(1) ≥ 1 4 e(G) ( e(G) − 6 ) , and Δ_G(1) is even (unless v(G) = 1).

Proof. Although some of the points have been proved in §2 before, we give slightly different alternative knottheoretical arguments for them.

1) Varying v corresponds to varying R^′_2 in the proof of theorem 2. But by Alexander’s work Δ_D depends on the choice of R^′_2 only up to a unit. Hence by theorem 2, Δ_G depends on the choice of R^′_2 only up to a unit as well. That this unit must be +t^n, and not −t^n, is clear since all coefficients of Δ_G are positive. Since clearly for any choice of root v, mindegΔ_G ≥ 0 and maxdegΔ_G ≤ v(G) − 1, the rest follows from the next point in the proof (if the unit were t^n with n ≠ 0, then spanΔ_G ≤ v(G) − 1 − |n|).

2) It suffices to show that spanΔ = v(G) − 1. Let s(D) be the number of Seifert circle( region)s of D and c(D) = e(G) its crossing number. Then D has r(D) = c(D) + 2 regions, and

v(G) − 1 = r(D) − s(D) − 1 = c(D) − s(D) + 1 = 1 − χ(D),

where χ(D) is the Euler characteristic of the Seifert surface obtained by applying the Seifert algorithm to D. It is a known fact [11, 24], that for an alternating diagram D, spanΔ (D) = maxdeg∇_D = 1 − χ(D).

3) (11) implies that [Δ_G]_tk = ±[Δ_G]_tmax deg Δ −k for any k. That the sign must be always positive is clear since both coefficients are non-negative. Thus, in particular we have proved now that Δ_G is independent on both the choice of root and alternating edge orientation of G.

4) By the work of Whitney [41, 42] (see also [4, proof of proposition 1.2] and [21, corollary 6]), there is a set of moves transforming a planar embedding of a given planar graph G into another one [21, fig. 7]. As remarked on p. 107 bottom–109 ibid., all these moves have the effect of mirroring or applying a mutation to D(G), which does not alter the Alexander polynomial (orientation reversal and change of the way to build a connected sum are also special types of mutation).

5) This claim states that a fibered special alternating diagram D is the connected sum of (2,n)-torus link diagrams.

For this see e.g. proposition 13.25 in [6], or [37, 10]. The second claim states that if the leading coefficient of Δ (D) is ±2, then D’s prime factor decomposition has exactly one copy of a (p,q,r,s)-pretzel diagram (with the twists in the groups of p,q,r,s parallel). For this see lemma 4.3 of [26]. An alternative proof was given in [34].

6) We have from (17), Theorem 2 and the discussion in §4.3 that Δ̃_G(t) .= Δ_G(−t) .= Δ_D(t) .= Δ̃_D(t).

Moreover, from (17) and parts 2 and 3 of the theorem (already proved) it follows that Δ̃_G(t) = ±Δ̃_G(1/t).

Similarly (11) gives the same for Δ̃_D, so that Δ̃_D = ±Δ̃_G. From (17) we have maxcfΔ̃_G > 0, and similarly maxcfΔ̃_D = maxcf∇_D > 0 follows from [10, corollary 2.1] (see also the proof of point 9). Thus Δ̃_D(t) = Δ̃_G(t). Now, 1/2Δ̃^{′′}(1) is the Casson invariant (or Vassiliev invariant of degree 2). The inequalities (18) and (19) are consequences of the Gauß sum formulas for knots: the first inequality of (18) follows from theorem 1.E of [29], and the second inequality of (18) and the inequality (19) follow from [32] (see also remark 4).

7) If Δ (1) ≡ 0(2), then D is a link diagram (of > 1 component), and hence Δ_G(−1) = ±Δ_D(1) = 0 (see §4.3). If Δ (1) ≡ 1(2), then D is a knot diagram. Then Δ_G(−1) = (−1)^{maxdegΔ G}Δ̃_G(1) = Δ̃_G(1) = Δ̃_D(1) = 1, since maxdegΔ_G is even for a knot diagram D.

8) If Δ_G(1) is odd, then D is a knot. We have Δ_G(1) = det(D) = |Δ_D(−1)|.

Because of (14) and [25] we have for the signature σ(D) the equivalences Δ̃_D(−1) < 0 ⇐⇒ det(D) ≡ 3(4) ⇐⇒ σ(D) ≡ 2(4) Δ̃_D(−1) > 0 ⇐⇒ det(D) ≡ 1(4) ⇐⇒ σ(D) ≡ 0(4). (21)

But by [25] for a special alternating diagram D, σ(D) = spanΔ (D), (22) and we have by the result proved in part 2 spanΔ (D) = v(G) − 1. (23) Putting together (21), (22) and (23) proves the first assertion.

If Δ_G(1) ≡ 2(4), then by §4.3 and (12) D is a two component link diagram, and spanΔ_D is odd. Thus by (23), v(G) is even.

9) By the said in the beginning of part 6, (10) and (20), we have ∇_G(z) = ∇_D(z) .

Claim a) follows from the result in [35] (proved, however, to a large extent already in [10, corollary 2.1]), that all coefficients between z^{c(L)−1} and z^{maxdeg∇L} of ∇ of a (non-split) positive link L of c(L) components are strictly positive. This was proved there only for c(L) ≤ 2, but to show it for all higher c(L), one uses induction on c(L) and applies the skein relation for ∇ on mixed crossings of a positive diagram of L (i.e., crossings involving two different components of L).

Claim b) follows because [∇]_zi is a Vassiliev invariant of degree i [2], and the proof of the Lin-Wang conjecture [20] for links given in [35] (and previously for knots in [3], which does not suffice here, though). Then for any n there is a constant C_{i,n} such that [∇_D]_zi ≤ C_{i,n} c(D)^i for any diagram D of n components and c(D) = e(G) crossings. (It follows from the proof of [35] that these constants are computable for any given i and n, although the computation may be very difficult.) Since by the said in §4.3, [∇_D]_zi = 0 for n > i + 1, C_i := max_{n≤i+1}C_{i,n} gives the desired constants. For the second assertion, use the first inequality in (18) and the inequality in part 12.

10) This follows from Theorem 2.1 of [36] (G is series-parallel ⇐⇒ D(G) is arborescent).

11) The first inequality is clear. The second one was proved more generally in proposition 2.

12) This will be proved in [38].

13) This proof uses the concept of braiding sequences of [39]. (Such an argument has been applied extensively, and can be found in more detail there.)

Consider first v(G) odd. We show that the independence holds already if we restrict ourselves to graphs G giving knot diagrams (i.e. with Δ_G(1) odd). Let P ∈ Q[x_1 ,... ,x_l] be some non-trivial polynomial, and v_i = [∇]_{ni} for some even numbers 2 ≤ n_1 < ... < n_k. Since, as well-known, any polynomial in 1 + z^2Z[z^2] is the Conway polynomial of a knot K, take some K with P(K) = P(v_1,...,v_k)(K) ≠ 0. As shown in [39], K has a special diagram D. (The result may be found also in [6].) Consider the braiding sequence associated to D with antiparallel braidings at each crossing. Then P(D(x_1,... ,x_l)) is a polynomial in x_1,... ,x_l , which does not vanish. (Here x_1,... ,x_l are odd integers, and l is the crossing number of D.) Then there exist x_1,... ,x_l all positive for which P(D(x_1,... ,x_l)) ≠ 0, and hence D(x_1,...,x_l ) is a special alternating diagram, on which P(v_1,... ,v_k) ≠ 0.

For Δ̃ one argues in the same way. We have that for any polynomial Δ̃ with Δ̃ (t) = Δ̃ (1/t) and Δ̃ (1) = 1 there is a knot K with Δ_K = Δ̃ . Take a special diagram D of an appropriate K. By choosing the braidings to be antiparallel, one bounds maxdegΔ on all diagrams in the braiding sequence associated to D, and hence each coefficient of Δ (D(x_1,... ,x_l )) is a polynomial in x_1,...,x_l .

To cover the case of v(G) even, one needs to consider even number of components (when the powers in ∇_G are odd, and those in Δ̃_G are fractional). By the result of Kondo [18] any polynomial in 1 + z^2Z[z^2] is the Conway polynomial of an unknotting number one knot K. Thus any polynomial in zZ[z^2] is the Conway polynomial of a two-component link. Then the same argument applies.

14) If G = G^∗, then e(G) is even and D(G) depicts an achiral link. Then apply [33, Proposition 5.3]. The achirality condition following from the self-duality of G (and the one needed to apply the result of [33]) is the most general one, allowing the isotopy taking the link to its mirror image to interchange and/or preserve or reverse the orientation of the components in an arbitrary way (we call this here ‘weak achirality’). The chirality results for positive links of (or following from) [8, 10, 31, 37, 43, 45] address just the restricted notion of achirality where the isotopy is required to preserve or reverse the orientation of all components simultaneously. If, however, Δ (1) ≡ 1(2) (and v(G) > 1), then D is a (non-trivial) knot diagram, for which both notions of achirality coincide, and thus the op. cit. results give a contradiction. □

Example 1

G = Δ_G = 1 + t + t^2 , Δ̃_G = t^{−1} − 1 + t , ∇_G = 1 + z^2 .

Corollary 1

[Δ ]_tk ≤ C̃_{maxdegΔ} e(G)^{maxdegΔ} ( maxdegΔ k ) , for some constants C̃_i > 0, and hence

Δ (1) ≤ C̃_{maxdegΔ} (2e(G))^{maxdegΔ} .

Proof. By part 9 of the above theorem, we have

±[Δ ]_tk = [Δ (−t^2)t^{−maxdegΔ} ]_t2k−max deg Δ = [∇(t − t^{−1})]_t2k−maxdeg Δ

= ∑_i^{[∇]}i^{[(t − t−1)i]}2k−maxdegΔ

≤ ∑_{i≤v(G)−1}^Ci^{e(G)i} ( i i−2k+maxdegΔ 2 )

= ∑ maxdegΔ − 2k ≤ i ≤ maxdegΔ 2 | maxdegΔ − i

C_i e(G)^i ( i i−2k+maxdegΔ 2 )

≤ C̃_{maxdegΔ} e(G)^{maxdegΔ} · ( maxdegΔ k ) , with C̃_d := 2 max_{d′≤d} C_{d′} .

For the last estimate use that b(i,k) := ( i i−2k+maxdegΔ 2 )

satisfies b(i + 2,k) ≥ 2b(i,k), and that 1 + 1 2e(G) + 1 (2e(G))^2 + ... = 2e(G) 2e(G) − 1 ≤ 2 for e(G) ≥ 1 (for e(G) = 0 the claim is trivial). □

7. Open problems and conjectures

We conclude with some conjectures and questions. First consider the case of plane graphs G with alternating edge orientation.

7.1. The trapezoidal conjecture

The first conjecture points to a possible generalization of part 11 of theorem 3.

Conjecture 1 Δ_G is trapezoidal. Here a polynomial f (t) = ∑^m_{i=0} c_it^i ∈ Z[t] is said to be trapezoidal if t^m f (1/t) = f (t), 0 < c_0 ≤ c_1 ≤ ··· ≤ c_{[m/2]}, and whenever c_i = c_{i+1} for some i < [m/2], then c_i = c_j for any i ≤ j ≤ [m/2].

This is a special case of a long-standing problem of Fox [12] on the Alexander polynomial of an alternating link. Except for the first author’s results [23] and the preceding work of Hartley [14], there is little progress towards this conjecture. An attempt to prove conjecture 1 (or equivalently, Fox’s conjecture for special alternating links) is in fact what led to the investigations described in this paper.

7.2. Maximal number of spanning trees

Conjecture 2

sup_G^{e(G)} √ Δ_G(1) = δ_0 ≈ 1.8393.

Here the supremum is taken over all connected plane/planar even valence graphs G, and δ_0 is the number occurring in part 10a) of theorem 3.

This is, in a stronger form, a conjecture of the second author on the growth of the determinant of links of given crossing number. From [36], the inequality_{e(G)}√ s(G) ≤ δ_0

16 7 Open problems and conjectures

follows for arbitrary planar graphs G (s(G) denoting the number of spanning trees of G), and it was conjectured that this inequality is sharp. Our conjecture 2 here is stronger, since we restrict ourselves just to even valence (or equivalently bipartite) planar graphs. However, the examples considered in [36, §4] as candidates to attain this supremum, and giving the estimate

sup_G^{e(G)} √ Δ_G(1) ≥ 1.7897 > δ_0 − 0.05,

are of this type.

Question 1 Is

sup_{G SP}^{e(G)} √ Δ_G(1) = 1 + √ 5 2 ? (24)

It was also proved in [36] that, replacing ‘Δ_G(1)’ by ‘s(G)’ and taking the supremum over all planar graphs G, equality in (24) holds. The graphs of [36], realizing the supremum, however, are not even valence. This motivates the above question.

7.3. Weakly achiral positive alternating links

Contrarily to the said in the proof of part 14 of Theorem 2, there are weakly achiral positive alternating links, connected sums of Hopf links being examples. Some of their diagrams give rise to plane even valence self-dual graphs, e.g.

, , and .

There are other examples, though:

and .

Question 2 Is it possible to give a description of all positive weakly achiral alternating links and all self-dual even valence plane graphs (which can be derived from them)?

7.4. Further partial generalizations of theorem 3

Another problem is that some of the results knot-theoretically proved in theorem 3 only for the planar case may extend to arbitrary even valence graphs.

Now consider an arbitrary even valence graph G, not necessarily planar, with fixed canonical edge orientation. It turns out that (beside the parts of theorem 3 proved in this more general case), for all examples so far considered:

• At least 8), 9a) and 10a) of theorem 3 and conjecture 1 always hold.

References 17

• In 6) of theorem 3, the second inequality in (18), and (19) hold (even for arbitrary Δ (1)), but not the first inequality in (18) (examples are the 4-valent graphs of the alternating diagrams of the knots 9_{27}, 9_{29}, 9_{30} in [30, appendix] with edge orientation given by knot orientation).

• Part 7 of theorem 3 holds with the modification that Δ (−1) may be > 1. In general it can be any square. (Let G be a chain of length 3, with cyclic edge orientation, and replace each edge in G by n parallel edges, all of the same orientation as the original one.) Can it be anything else?

There is, however, no explanation so far why these properties of theorem 3 suggested to extend in this more general case do so.

Question 3 Does any of the above mentioned properties in theorem 3 generalize to the case of arbitrary even valence graphs?

References

[1] J. W. Alexander, Topological invariants of knots and links, Trans. Amer. Math. Soc. 30 (1928), 275–306. [2] D. Bar-Natan, On the Vassiliev knot invariants, Topology 34 (1995), 423–472. [3] ” , Polynomial Invariants are Polynomial, Math. Res. Lett. 2 (1995), 239-246. [4] ” , Lie algebras and the four color theorem, Combinatorica 17(1) (1997), 43–52. [5] N. Biggs, Algebraic potential theory on graphs, Bull. London Math. Soc. 29(6) (1997), 641–682. [6] G. Burde and H. Zieschang, Knots, de Gruyter, Berlin, 1986.

[7] S. Chaiken and D. J. Kleitman, Matrix tree theorems, J. Combinatorial Theory Ser. A 24(3) (1978), 377–381. [8] T. D. Cochran and Robert E. Gompf, Applications of Donaldson’s theorems to classical knot concordance, homology 3- spheres and Property P, Topology 27(4) (1988), 495–512.

[9] J. H. Conway, On enumeration of knots and links, in “Computational Problems in abstract algebra” (J. Leech, ed.), 329-358, Pergamon Press, 1969.

[10] P. R. Cromwell, Homogeneous links, J. London Math. Soc. (series 2) 39 (1989), 535–552. [11] R. Crowell, Genus of alternating link types, Ann. of Math. 69(2) (1959), 258–275.

[12] R. H. Fox, Some problems in knot theory, in “Topology of 3-manifolds and related topics” (Proc. The Univ. of Georgia Institute, 1961) (1962), 168–176.

[13] P. M. Gilmer and R. A. Litherland, The duality conjecture in formal knot theory, Osaka J. Math. 23(1) (1986), 229–247. [14] R. I. Hartley, On two-bridged knot polynomials, J. Austral. Math. Soc. Ser. A 28(2) (1979), 241–249. [15] L. H. Kauffman, State models and the Jones polynomial, Topology 26 (1987), 395–407.

[16] ” , Quantum invariants of knots, links and three-manifolds, talks given at the knot theory workshop “Journées Toulousaines autour des tresses et des nœuds” in Toulouse, France, June 2000.

[17] ” , Formal knot theory, Mathematical Notes 30, Princeton University Press, Princeton, NJ, 1983. [18] H. Kondo, Knots of unknotting number 1 and their Alexander polynomials, Osaka J. Math. 16(2) (1979), 551–559. [19] D. Krebes, An obstruction to embedding 4-tangles in links, Jour. of Knot Theory and its Ramifications 8(3) (1999), 321–352. [20] X.-S. Lin and Z. Wang, Integral geometry of plane curves and knot invariants, J. Differential Geom. 44(1) (1996), 74–95. [21] A. S. Lipson, Goeritz matrices and polynomial invariants, Enseign. Math. 36(1-2) (1990), 93–114. [22] J. W. Moon, Some determinant expansions and the matrix-tree theorem, Graphs and combinatorics (Qawra, 1990). Discrete Math. 124(1-3) (1994), 163–171.

[23] K. Murasugi, On the Alexander polynomial of alternating algebraic knots, J. Austral. Math. Soc. Ser. A 39(3) (1985), 317–333.

[24] ” , On the genus of the alternating knot, J. Math. Soc. Japan 10 (1958), 94–105, 235–248. [25] ” , On a certain numerical invariant of link types, Trans. Amer. Math. Soc. 117 (1965), 387–422. [26] ” , Non-amphicheirality of the special alternating links, Proc. Amer. Math. Soc. 13 (1962), 771–776.

18 References

[27] ” , Classical numerical invariants in knot theory, Topics in knot theory (Erzurum, 1992), NATO Adv. Sci.

Inst. Ser. C Math. Phys. Sci. 399, Kluwer Acad. Publ., Dordrecht, 1993, 157–194.

[28] J. B. Orlin, Line-digraphs, arborescences, and theorems of Tutte and Knuth, J. Combin. Theory Ser. B 25(2) (1978), 187– 198.

[29] M. Polyak and O. Viro, On the Casson knot invariant, J. Of Knot Theory and Its Ram. 10(5) (2001) (Special volume of the International Conference on Knot Theory “Knots in Hellas, 98”), 711–738.

[30] D. Rolfsen, Knots and links, Publish or Perish, 1976.

[31] L. Rudolph, Positive links are strongly quasipositive, Geometry and Topology Monographs 2 (1999), Proceedings of the Kirbyfest, 555–562. See also http://www.maths.warwick.ac.uk/gt/GTMon2/paper25.abs.html.

[32] A. Stoimenow, Positive knots, closed braids and the Jones polynomial, math/9805078, accepted by Ann. Scuola Norm.

Sup. Pisa Cl. Sci.

[33] ” , Square numbers, spanning trees and invariants of achiral knots, preprint math.GT/0003172. [34] ” , The skein polynomial of closed 3-braids, math.GT/0103041, to appear in Crelles Journal. [35] ” , Polynomial and polynomially growing knot invariants, preprint. [36] ” , Graphs, determinants of knots and hyperbolic volume, preprint. [37] ” , On some restrictions to the values of the Jones polynomial, preprint. [38] ” , Some applications of Tristram-Levine signatures, preprint.

[39] ” , Gauß sum invariants, Vassiliev invariants and braiding sequences, J. Of Knot Theory and Its Ram. 9(2) (2000), 221–269.

[40] W. T. Tutte, The dissection of equilateral triangles into equilateral triangles, Proc. Cambridge Philos. Soc. 44 (1948), 463–482.

[41] H. Whitney, A set of topological invariants for graphs, Amer. J. Math. 55 (1933), 231–235. [42] ” , On the classification of graphs, Amer. J. Math. 55 (1933), 236–244. [43] Y. Yokota, Polynomial invariants of positive links, Topology 31(4) (1992), 805–811. [44] D. Zeilberger, A combinatorial approach to matrix algebra, Discrete Math. 56(1) (1985), 61–72. [45] L. Zulli, The rank of the trip matrix of a positive knot diagram, J. Knot Theory Ramif. 6(2) (1997), 299–301.