Mathematical entertainment and a

combinatorial complexity problem

A. Stoimenow �

February 3, 1997

1 Introduction

Rather than a paper this is a piece of mathematical entertainment (or, one might think, nonsens). However, in the background of this there are some interesting mathematical problems concerning complexity theory. The main aim of this note is to point to that problems and to make an interested reader think a while about them. There are surely some more profound results in this direction but, as the author is not suf�ciently acquainted with the subject his observations lead to, as usual, he would be very grateful for each hint, suggestion, reference �

2 Motivation

In Bulgaria a car number plate contains always exactly 4 digits. Each such combination is possible except 0000. A number is called to be �lucky�, if the sum of his �rst two digits is equal to the sum of the last two. It is not dif�cult to �nd out, that in each series of 9999 combinations there are exactly 669 �lucky� ones.

Once I came to ask myself whether it is not possible to generalize the situation by the following question.

Problem 2.1 Given 4 digits, �nd a way of putting mathematical symbols between them, preserving their order and obtaining a correct equality.

It is a very reasonable question to ask which operations we should allow (beside ‘=’). There are many variations of this assumption, and the results are quite different. Here are 2 examples of what can happen. 1. Allow only binary operators, e. g. { ⇓⇔ −⇔ ∗⇔ ∝ } ∞↙ T⟨⟩∫ ⌋⊣∫⌉ ⟩∫ ⟩\⊔⌉∇⌉∫⊔⟩\} ⊔≀ ⌊⌉ ⌈⌉⊣↕⊔ ⊒⟩⊔⟨ ⌊† ⟨⊣\⌈↙ B⊓⊔ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕↕† ⊔∇⟩⊑⟩⊣↕ ⊣∫ {⊣∇ ⊣∫ ⊔⟨⌉∇⌉ ⊣∇⌉ ≀\↕† ⊘\⟩⊔⌉↕† ⇕⊣\† ⌉§√∇⌉∫∫⟩≀\∫ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ≀⌊⊔⊣⟩\⌉⌈ ≀⊓⊔ ≀{ ⊔⟨⌉ △ ⌈⟩}⟩⊔∫ ⊓∫⟩\} ⌉§⌋↕⊓∫⟩⊑⌉↕† ⌊⟩\⊣∇† ≀√⌉∇⊣⊔⟩≀\∫⇔ ∫≀ ⟩⊔ ⟩∫ ⊣↕}≀∇⟩⊔⟨⇕⟩⌋⊣↕↕† ∫≀↕⊑⊣⌊↕⌉↙ ∈↙ A↕↕≀⊒ ⊣↕∫≀ ⊓\⊣∇† ≀√⌉∇⊣⊔≀∇∫⇔ ⌉↙ }↙ √ ↙ N≀⊒ ⊔⟨⟩\}∫ ⌊⌉⌋≀⇕⌉ ⇕⊓⌋⟨ ⇕≀∇⌉ ⟩\⊔⌉∇⌉∫⊔⟩\}⇔ ∫⟩\⌋⌉ ∫⊓⌋⟨ ≀√⌉∇⊣⊔≀∇∫ ⌋⊣\ ⌊⌉ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⟩⊔⌉∇⊣⊔⌉⌈↙ H≀⊒⌉⊑⌉∇⇔ ⊒⌉ ∫⟨≀⊓↕⌈ \≀⊔ ⌊⌉ ⊔≀≀ ⌈⟩∫∇⌉∫⊔∇⟩⌋⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ≀⊓∇ ⌋⟨≀⟩⌋⌉ ≀{ ≀√⌉∇⊣⊔≀∇∫↙ I{ ⊒⌉ ⊣↕↕≀⊒ ⊣\ ≀√⌉∇⊣⊔≀∇ ∫⊓⌋⟨ ⊣∫ ∪ ⊎ ⇐⟩\⊔⌉}⌉∇ √⊣∇⊔⇒ ⊔≀ ⌊⌉ ⊓∫⌉⌈⇔ ⊔⟨⌉\ ⊣}⊣⟩\ ⌉⊑⌉∇†⊔⟨⟩\} ⟩∫ \≀⊔ ⊑⌉∇† ⌉§⌋⟩⊔⟩\}⇔ ∫⟩\⌋⌉ {≀∇ ⌉⊣⌋⟨ ⌈⟩}⟩⊔ \ ≍ ∞ ⊒⌉ ⟨⊣⊑⌉ [√√ \ ] / ∐{^ ][ ⌉√ ∐{^ ⌉√ ] ]√ {} [∐√^ } ^]⌈^ ∐ ^~√]√~^ ~√∐⌈]/ {^ ⋃ ⊎ ]√ ]^~⌉√}~{ {]/ ~// ⋃ ⊎ ⋃ ⊎}/ √} √]{~ ] ][} √ ⊒⌉ ↕⊣\⌈ ⟩\ √≀⟩\⊔ ∞↙ �Humboldt University Berlin, Dept. of Mathematics, e-mail: stoimeno@informatik.hu-berlin.de 1Latter two are supposed to denote multiplication and division.

1

2 3 About the list of terms

With these both counts in mind, the operator set { ⇓⇔ −⇔ ∗⇔ ∝⇔ √ } ⊔⊓∇\∫ ≀⊓⊔ ⊔≀ ⌊⌉ ⊣ }≀≀⌈ ⇐⌊⌉⌋⊣⊓∫⌉ \≀\↖⊔∇⟩⊑⟩⊣↕⇒ ⌋⟨≀⟩⌋⌉↙ O{ ⌋≀⊓∇∫⌉⇔ ⟩\ ∫⊓⌋⟨ ⊣ ⌋⊣∫⌉ ⊔⌉∇⇕∫ ⌋⊣\ ⌊⌉⌋≀⇕⌉ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ⊣\⌈ ⊒⌉ ⌋⊣\ ⊒∇⟩⊔⌉ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⇕⌉∫∫† ⌉∐⊓⊣↕⟩⊔⟩⌉∫ ∫⊓⌋⟨ ⊣∫

]⌉~√ √ / / / √ ∈ ℑ ]⌉~√ √ / / / √ ∋ ⇓ ▽ − ̸↙

B⊓⊔ ⟩⊔ ⟩∫ ∫≀⇕⌉⟨≀⊒ ⟩\⊔⊓⟩⊔⟩⊑⌉↕† ⌋↕⌉⊣∇ ⊔⟨⊣⊔ ⌊⌉†≀\⌈ ⊣ ⌋⌉∇⊔⊣⟩\ √≀⟩\⊔ ∫⊓⌋⟨ ⊣ ⌋≀⇕√↕⌉§⟩⊔† ⟩∫ ∇⌉⌈⊓\⌈⊣\⊔ ⊣\⌈ ⊒⌉ ⌋⊣\ }⌉\⌉∇⊣⊔⌉ ⊣ ⇕⊓⌋⟨ ∫⟩⇕√↕⌉∇ ⌉∐⊓⊣⊔⟩≀\ ≀⊓⊔ ≀{ ⊔⟨⌉ ≀\⌉ ⊣⌊≀⊑⌉↙ T≀ ⌈⌉∫⌋∇⟩⌊⌉ ⊔⟨⟩∫ ⇕≀∇⌉ ∇⟩}≀∇≀⊓∫↕†⇔ ⊘∇∫⊔ ⟩\⊔∇≀⌈⊓⌋⌉ ⊣ \⊣⟩⊑⌉ \≀⊔⟩≀\ ≀{ ⌋≀⇕√↕⌉§⟩⊔†↙ D⌉⊘\⟩⊔⟩≀\ ∈↙∞ A ⌋≀⇕√↕⌉§⟩⊔† {⊓\⌋⊔⟩≀\ ⟩∫ ⊣ {⊓\⌋⊔⟩≀\ K ¬ { ⌉∐[~⌉∐]^∐⌈ ~√⌉√ } −→ N⇓ ↙ W⟨⊣⊔ I ⊒≀⊓↕⌈\≃⊔ ↕⟩‖⌉ ⊔≀ ⌈≀ ⟨⌉∇⌉ ⟩∫ ⊔≀ ⌈⟩∫⌋⊓∫∫ ⊒⟨⟩⌋⟨ √∇≀√⌉∇⊔⟩⌉∫ ∫⊓⌋⟨ ⊣ {⊓\⌋⊔⟩≀\ ∫⟨≀⊓↕⌈ ⟨⊣⊑⌉↙ F≀∇ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫⊔⊣⊔⌉⇕⌉\⊔∫ ≀\⌉ ⌋≀⊓↕⌈ ⌉↙ }↙ ⟨⊣⊑⌉ ⟩\ ⇕⟩\⌈ ⊔⟨⌉ ∫⟩⇕√↕⌉ {⊓\⌋⊔⟩≀\ K ( ~√⌉ ) ] }~ ⌉∐[/ √⌉^}⌈√ ]{ ~√⌉ / []^[ ∐√√~∐√√ √~∐√}{∐^⌈~/ ^ ~}√ ^~√^√]^]{~ [~ √√}^⌈~⌉ [~ ^}{^√~~ ^~⟩{]]}{ }~ K ⟩∫ √∇⊣⌋⊔⟩⌋⊣↕↕† ⟩∇∇⌉↕⌉⊑⊣\⊔↙ O\⌉ ⊒≀⊓↕⌈ ∇⌉⊣↕↕† ⌊⌉ ↕⊓⌋‖† ⟩{ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⌊⌉↕≀⊒ ⟩∫ ⊔∇⊓⌉ ⟩\ }⌉\⌉∇⊣↕ ⊣\⌈ ⊣ √∇≀≀{ ⟩\ ⊣ ⌊⟩} }⌉\⌉∇⊣↕⟩⊔† ⊒≀⊓↕⌈ ⌊⌉ ⊣\ ⟩\}⌉\⟩≀⊓∫ ∇⌉∫⊓↕⊔⇔ ⌊⊓⊔ ⊔⟨⌉ ⟨≀√⌉ ⌉§√∇⌉∫∫⌉⌈ ⊣√√⌉⊣∇∫ ⊔≀ ⌊⌉ ⟩\ ⊔⟨⟩∫ {⊣∫⟨⟩≀\ ⊑⌉∇† ∫⊔∇≀\}↙ H≀⊒⌉⊑⌉∇⇔ I ⊒≀⊓↕⌈ ∇⌉⊣↕↕† ↕⟩‖⌉ ⊔≀ ‖\≀⊒ ⊣⌊≀⊓⊔ ⊣ ∇⌉∫⊓↕⊔ ⟩\ ⊣ ∫√⌉⌋⟩⊣↕ ⇐⌊⊓⊔ \≀\↖⊔∇⟩⊑⟩⊣↕⇒ ⌋⊣∫⌉↙ C≀\|⌉⌋⊔⊓∇⌉ ∈↙∞ F≀∇ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔≀∇ ∫⌉⊔ O ⊣\⌈ ⌉⊣⌋⟨ \ � N⇓ ⊔⟨⌉∇⌉ ⟩∫ ⊣ \⊓⇕⌊⌉∇ ⊒O,n� N+ such that for each n-word w of digits there holds: If there exists a mathematically correct equality term built up of w by operators in O⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣↕∫≀ ∫⊓⌋⟨ ≀\⌉ ≀{ ⌋≀⇕√↕⌉§⟩⊔† × ⊒O,n.

With such a powerful tool in hand we could in good spirits let the stupid but diligent computers do the rest of the work �

There is one (and perhaps a myriad more) problem(s) similar to problem 2.1, and in that case practically everything said by the present point can be translated without change.

Problem 2.2 Given a digit word w, an operator set O ⊣\⌈ ⊣ \⊓⇕⌊⌉∇ § � R⇔ ⊘\⌈ ⊣ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ⊔⌉∇⇕ ⌊⊓⟩↕⊔ {∇≀⇕ ⊒ ⌊† ≀√⌉∇⊣⊔⟩≀\∫ ⟩\ O⇔ ⊒⟨≀∫⌉ ⊑⊣↕⊓⌉ ⟩∫ §↙

∋ A⌊≀⊓⊔ ⊔⟨⌉ ↕⟩∫⊔ ≀{ ⊔⌉∇⇕∫ B⌉{≀∇⌉ I ⟩\⌋↕⊓⌈⌉ ⊔⟨⌉ ⌋≀⇕√↕⌉⊔⌉ ↕⟩∫⊔ ≀{ ∫≀↕⊓⊔⟩≀\∫ ⊔≀ √∇≀⌊↕⌉⇕ ∈↙∞⇔ |⊓∫⊔ ∫≀⇕⌉ ⊒≀∇⌈∫ ⊣⌊≀⊓⊔ ⟨≀⊒ ⟩⊔ ⌋⊣⇕⌉ ⊣⌊≀⊓⊔↙ F⟩∇∫⊔ I ∫⊔⊣∇⊔⌉⌈ ⊒⟩⊔⟨ ≀√⌉∇⊣⊔≀∇∫ ⇓⇔ −⇔ ∗⇔ ∝⇔ ⊔⟨⌉ ⌊⟩\⊣∇† ∇≀≀⊔ ≀√⌉∇⊣⊔≀∇ √ ⇐⊣⇔ ⌊⇒ ¬ℑ ⊣ √ ⌊ ⊣\⌈ ⊔⟨⌉ ⊓\⊣∇† ∇≀≀⊔ ≀√⌉∇⊣⊔≀∇ √ ⊒⟩⊔⟨ ⊓√ ⊔≀ ▽↖{≀↕⌈ ⟩⊔⌉∇⊣⊔⟩≀\↙ F≀∇ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⇕⌉\⊔⟩≀\⌉⌈ ∇⌉⊣∫≀\∫ I }⌉\⌉∇⊣↕↕† ⌉§⌋↕⊓⌈⌉⌈ ∪ ⊎ {∇≀⇕ ⊔⟨⌉ ⊑⌉∇† ⌊⌉}⟩\\⟩\}↙ T⟨⌉ √∇≀}∇⊣⇕ I ⊓∫⌉⌈ ⊒⊣∫ \≀⊔ ⌈⌉∫⟩}\⌉⌈ ⊔≀ √∇≀⌈⊓⌋⌉ ⊔⟨⌉ ⇕≀∫⊔ ∫⟩⇕√↕⌉ ∫≀↕⊓⊔⟩≀\⇔ ∫≀ I }≀⊔ ∫≀⇕⌉ {⊓\\† ∫⊓}}⌉∫⊔⟩≀\∫→ I⊔ {≀⊓\⌈ ⊣ ∫≀↕⊓⊔⟩≀\ ⌉§⌋⌉√⊔ ⟩\ ∼ ∋′′ ⌋⊣∫⌉∫↙ B⊓⊔⇔ ⊣∫ I ⌈≀\≃⊔ ‖\≀⊒ ⊣\†⊔⟨⟩\}⊣⌊≀⊓⊔ ⌋≀\|⌉⌋⊔⊓∇⌉ ∈↙∞⇔ I ⌈≀\≃⊔ ‖\≀⊒ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉∇⌉ ⌈≀⌉∫ \≀⊔ ⌉§⟩∫⊔ ⊣ ∫≀↕⊓⊔⟩≀\ ⊒⟩⊔⟨⇔ ∫⊣†⇔ ▽▽ √ ≃∫ {≀∇ ≀\⌉ ≀∇ ⊔⟨⌉ ≀⊔⟨⌉∇ ≀{ ⊔⟨⌉∫⌉ ⌋⊣∫⌉∫↙ T≀ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⊔⟨⌉⇕⇔ I ↕≀≀‖⌉⌈ {≀∇ ∫≀↕⊓⊔⟩≀\∫ ⊒⟩⊔⟨ {⊣⌋⊔≀∇⟩⊣↕∫ \→⇔ ⊒⟨⟩⌋⟨ ∇⌉⌈⊓⌋⌉⌈ ⊔⟨⌉ \≀\↖ ∫≀↕⊑⊣⌊↕⌉ ⌋⊣∫⌉∫ ⊔≀ △∈↙ T⟨⌉\ I ∫⊣⊒ ⇕†∫⌉↕{ {≀∇⌋⌉⌈ ⊔≀ ⊔⊣‖⌉ ∫≀⇕⌉ ⇕≀∇⌉ ∫√⌉⌋⟩⊣↕ \≀⊔⊣⊔⟩≀\∫ ≀{

∋

\⊓⇕⌊⌉∇ ⊔⟨⌉≀∇† ⇐I ⌈≀\≃⊔ ‖\≀⊒ ⟩\ ⟨≀⊒ ⇕⊓⌋⟨ ⊔⟨⌉∫⌉ \≀⊔⊣⊔⟩≀\∫ ⊣∇⌉ ⌋≀⇕⇕≀\ ⟩\ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⟩\ }⌉\⌉∇⊣↕⇒⇔ ∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ √∇⟩⇕≀∇⟩⊣↕ ⇐≀∇ √∇⟩⇕⌉ {⊣⌋⊔≀∇⟩⊣↕⇒ \↓ ⊣\⌈ ⊔⟨⌉ ⇕⊓↕⊔⟩{⊣⌋⊔≀∇⟩⊣↕∫ \ → ↙ ↙ ↙→→ ⌋ ^}√]~√ √ } ⌋ [ / ⨆}√ [}√~/ [} ^}{⌉ ⌋{} [~⌉/ [~]√ ^~⟩{]]}{√ ∐√~ {] ∏ √ √√]⌉~ [ √ [ { √

∐{^ { ) / / /)) ⌋ ⌊\�1k⌋∏ ] {{ − ⟩‖⇒ ↙ A⇕≀\} ⊔⟨⌉ ↕⊣∫⊔ △∈ ⌋⊣∫⌉∫ ⊔⟨⌉∇⌉ ⊒⌉∇⌉ ∫≀⇕⌉ ∇⊣⊔⟨⌉∇ ⊔∇⟩⌋‖† ≀\⌉∫ ⇐∫⊓⌋⟨ ⊣∫ ∉⇒⇔ ∫≀ I ⌈⟩⌈\≃⊔ ⊘\⌈ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣\ ⊔⟨⌉ ≀\⌉ √∇⌉∫⌉\⊔⌉⌈ ⟩\ ⊔⟨⌉ ↕⟩∫⊔↙ I{ ∫≀⇕⌉≀\⌉ ⟨⊣∫ ≀\⌉⇔ I ⊣⇕ ≀√⌉\ ⊔≀ ∫⊓}}⌉∫⊔⟩≀\∫ ≈ I ⊣↕∫≀ ⊔∇⟩⌉⌈ ⊔≀ ⊑⊣∇† ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌈⟩}⟩⊔∫⇔ ⌊⊓⊔ ∋ ⌈⟩}⟩⊔∫ ⊣∇⌉ ⊔≀≀ ∇⌉∫⊔∇⟩⌋⊔⟩⊑⌉ ⇐⟩↙ ⌉↙⇔ ⟩⊔ ⟩∫ ⌈⌉⌋⟩∫⟩⊑⌉↕† ⊓√ ⊔≀ ⌋≀\|⌉⌋⊔⊓∇⌉ ∈↙∞ ⊔≀ √∇≀⊑⌉ \≀\↖∫≀↕⊑⊣⌊⟩↕⟩⊔† ⟩\ ⇕⊣\† ⌋⊣∫⌉∫⇒⇔ ⊣\⌈ ⊒⟩⊔⟨ ▽ ⌈⟩}⟩⊔∫ ⊔⟨⌉∇⌉ ⊣↕⊒⊣†∫ ⌉§⟩∫⊔∫ ⊣ ∫≀↕⊓⊔⟩≀\ ⊒⟩⊔⟨ { ⇓⇔ −⇔ ∗⇔ ∝⇔ √ }↙ N≀⊒ ⟨⌉∇⌉ ⟩∫ ⊔⟨⌉ ⊘\⊣↕ ∇⌉∫⊓↕⊔↙

△ T⟨⌉ ⊔⊣⌊↕⌉ I\ ⊔⟨⟩∫ ⊑⌉∇∫⟩≀\ ≀{ ⊔⟨⌉ √⊣√⌉∇ ⊔⟨⌉ ⊔⊣⌊↕⌉ ⟨⊣∫ ⌊⌉⌉\ ≀⇕⟩⊔⊔⌉⌈ {≀∇ ∫⟩‡⌉ ∇⌉⊣∫≀\∫↙ I{ †≀⊓ ⊣∇⌉ ⟩\⊔⌉∇⌉∫⊔⌉⌈⇔ ⊣ ⊑⌉∇∫⟩≀\ ⊒⟩⊔⟨ ⊔⟨⌉ ⊔⊣⌊↕⌉ ⟩∫ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⊣⊔ ∇⌉∐⊓⌉∫⊔ {∇≀⇕ ⊔⟨⌉ ⊣⊓⊔⟨≀∇↙