THE CANONICAL GENUS OF A CLASSICAL AND VIRTUAL KNOT

ALEXANDER STOIMENOW, VLADIMIR TCHERNOV AND ALINA VDOVINA

Abstract. A diagram D of a knot defines the corresponding Gauss Diagram G_D . However, not all Gauss diagrams correspond to the ordinary knot diagrams.

From a Gauss diagram G we construct closed surfaces F_G and S_G in two different ways, and we show that if the Gauss diagram corresponds to an ordinary knot diagram D, then their genus is the genus of the canonical Seifert surface associated to D. Using these constructions we introduce the virtual canonical genus invariant of a virtual knot and find estimates on the number of alternating knots of given genus and given crossing number.

1. Introduction

1.1. Knots (smooth embeddings of S^1 into R^3 ) are usually presented by knot diagrams that are generic immersions of S^1 into the R^2 -plane enhanced by information on over-passes and under-passes at the double points. A knot diagram is said to be alternating iff as one follows the knot diagram under-crossings and over-crossings alternate. An alternating knot is one which has an alternating diagram.

A Seifert surface F_K of a knot K is an oriented surface embedded into R^3 such that ∂(F_K ) has one connected component and this connected component equipped with the natural orientation is the knot K. The genus g(K) of a knot K is the classical knot invariant that is equal to the minimum of genus g(F_K ) of Seifert surfaces F_K for K.

For each planar diagram P (K) of a knot K equipped with the information about over and under-passes there is a canonical Seifert surface F_{P (K)} associated with this diagram, i.e. the surface obtained by applying Seifert’s algorithm on P (K) (see for example [12], p. 120). The minimal genus of all canonical Seifert surfaces for K is called the canonical genus g_c(K) for K. It was shown by Moriah [8] that the difference between g(K) and g_c(K) can be arbitrarily large. Namely for any n ∈ N there exist a knot K such that g_c(K) − g(K) > n. (Results of similar spirit were later obtained by Kawauchi [6] and one of the authors [14]. See also Kobayashi and Kobayashi [7].)

But (see [11], [2]), the genus and the canonical genus are coincide for alternating knots. This allows us to use the canonical genus to give estimates on the number of alternating knots of given genus and given crossing number. In this paper we prove

Theorem 1.2. The number of alternating genus g knots of n crossings is O_n(n^{6g−4}) as n → ∞. 1

The proof bases on associating to an alternating knot diagram a word in a certain alphabet called Wicks form, and interpreting the (canonical) genus of the alternating knot diagram as genus of its Wicks form. For this we will need to introduce several ways of constructing surfaces out of Wicks forms and show their equivalence. Then the theory for such forms (see [15], [1]) is combined with the structure on the set of alternating knots of given genus studied in [13]. Using the computations of [1], we show that the bound in theorem 1.2 is exact for genus 3 (extending the previous first author’s results for genus 1 and 2). Since not every Wicks form gives rise to a knot diagram, we start with introducing an extension of knot diagrams, the virtual knot diagrams, introduced in [5], and their associated Gauß diagrams, studied in [4], as a combinatorial interpretation of Wicks forms. We would like to remark, that Wicks forms are often called ”ideal triangulations” in the literature (see, for example [9]).

2. Virtual knot diagrams and virtual knot genus

2.1. Diagrams of Knots and Gauss Diagrams. A Gauss diagram is a circle equipped with some number n ∈ N of oriented chords that connect n pairs of points on the circle. (The 2n points are all distinct.) The chords of a Gauss diagram are equipped with signs. Gauss diagrams are considered up to an orientation preserving homeomorphism of the underlying circle.

Knots (smooth embeddings of S^1 into R^3 ) are usually presented by knot diagrams that are generic immersions of S^1 into the R^2 -plane enhanced by information on over-passes and under-passes at the double points. To correspond a Gauss diagram to a knot diagram D one connects by a chord the preimages of each double point of the immersion. The orientation of the chords is chosen from the over-passing branch to the under-passing one. The sign of a chord is the sign of the corresponding double point. The obtained Gauss diagram G_D is said to be the Gauss diagram of the knot diagram D.

Gauss diagrams that are obtainable as Gauss diagrams of some knot diagrams are said to be realizable. A knot diagram corresponding to a realizable Gauss diagram can be recovered only up to a certain ambiguity. However the isotopy type of the corresponding knot is recoverable in a unique way.

A virtual knot diagram is a generic immersion of a circle into the R^2 -plane with the double points divided into real crossings and virtual crossings. The real crossings are enhanced by information on over- and under-passes (as for the classical knot diagrams). At a virtual crossing the crossing branches are not divided into an over-pass and an under-pass. The Gauss diagram of a virtual knot diagram is constructed in the same way as for a classical knot diagram, but all the virtual crossings are disregarded. One can show that every Gauss diagram is a Gauss diagram of a virtual knot diagram.

2.2. It is well-known that when a knot changes by a generic isotopy, its diagram undergoes a sequence of Reidemeister moves shown in Figure 1. A virtual knot diagram is allowed to undergo the same Reidemeister moves as well as the moves shown in Figure 2. The additional moves are the virtual moves. A virtual knot is a class of virtual knot diagrams consisting of diagrams that can be transformed to each other by a sequence of Reidemeister and virtual moves. Such a sequence of moves is called a virtual isotopy. (Observe that the moves shown in Figure 3 are prohibited. If one allows these moves then the theory of virtual knots becomes trivial and every virtual knot can be unknotted.)

Figure 1

Figure 2

Figure 3

Theorem 2.3 (M. Goussarov, M. Polyak and O. Viro [4] and L. H. Kauffman [5]). A Gauss diagram defines a virtual knot up to virtual moves.

2.4. Virtual canonical genus.

For a Gauss diagram G put F^′_G to be the orientable surface with boundary obtained as follows. Take a thin annulus (that we can identify with a thickened circle), and for each chord of G take a thin strip and glue its ends to the boundary of the annulus in the places that correspond to the end points of the chord so that the obtained surface is orientable.

Put F_G to be the closed orientable surface obtained by gluing all the boundary components of F^′_G with the 2-disks, and put the genus g(G) of the Gauss diagram to be the genus g(F_G) of F_G.

Theorem 2.5. Let P (K) be a planar diagram of a knot K, let G be the Gauss diagram of P (K). Then g(F_G) = g(F_{P (K)}).

2.6. Proof of Theorem 2.5. The Euler characteristic χ(F_{P (K)}) of F_{P (K)} is the number of Seifert circles minus the number of crossings of P (K).

The Euler characteristic χ(F_G) of F_G is the number of disks that were glued to the boundary components of F^′_G minus the number of chords in G. Or equivalently χ(F_G) is the number of boundary components of F^′_G minus the number of crossings of P (K).

Geometrical considerations show that there is a natural bijection between the boundary components of F^′_G different from the outer boundary of the annulus and the Seifert circles appearing in the construction of the canonical Seifert surfaces for P (K). Thus χ(F_G) = χ(F_{P (K)}) − 1 (F_{P (K)} has one boundary component) and hence g(F_G) = g(F_{P (K)}).

Definition 2.7. For a virtual knot K put the virtual canonical genus g_{vc}(K) of K to be the minimum over all the Gauss diagrams G that realize K of g(F_G)

The following corollary follows immediately from Theorem 2.5.

Corollary 2.8. If a virtual knot K admits a planar diagram without virtual crossings that realizes the isotopy class of an ordinary knot K̃, then g_c(K̃) ≥ g_{vc}(K).

Theorem 2.9. F_G has minimal genus among all surfaces, on which G can be embedded.

2.10. Proof of Theorem 2.9. If M is a surface of minimal genus, on which G can be embedded, then all components of M \ G must be disks. But then, M can be obtained by gluing disks into a band-thickening of G, and hence χ(M) = χ(F_G).

We remark the following combinatorial description of g(F_G). If we denote by s_{2n} ∈ S_{2n} the permutation of 2n elements sending i ∈ {1, . . . , 2n} to i + 1 mod 2n, then each Gauss diagram G of n chords defines a fix-point free involution s_G ∈ S_{2n} up to a conjugating with a power of s_{2n}. Then the number of discs to glue in to obtain F_G is equal to the number of cycles c(s_{2n} ∘ s_G) of s_{2n} ∘ s_G, and hence

g(F_G) = n − c(s_{2n} ∘ s_G) + 1 2 . There is yet another way of associating surfaces (and genera) to Gauss diagrams, namely the following:

Definition 2.11. Let G be a Gauss diagram of n chords. We indicate the end points of every chord of G by the same letter in some alphabet, but with the opposite powers 1 and −1; different letters correspond to different chords. So, on the circle we have a cyclic word W in some group alphabet.

Subdivide the circle into 2n arcs so that every arc contains exactly one end point of a chord. Let S_G be the unique orientable surface obtained from the disk (whose boundary is the circle of the Gauss diagram) by gluing together the arcs that are connected by a chord.

Again this genus coincides with the previous one(s).

Theorem 2.12. χ(S_G) = χ(F_G). In particular, if G is realizable as a Gauss diagram G(P (K)) of a knot diagram P (K) (of a knot K), then g(S_G) = g(F_G) = g(F_{P (K)}).

2.13. Proof of Theorem 2.12. The boundary of the disk from definition 2.11 becomes a graph on the surface S_G. The number of edges is the same as the number of chords of G. Geometric considerations show that the number of vertices is equal to the number of boundary components of F^′_G in the proof of theorem 2.5, omitting the outer one (or if G is realizable by P (K), the number of P (K)’s Seifert cycles). So, we finish the proof by applying Euler’s formula.

3. On the number of alternating knots of given genus

It is well known (see [11], [2]), that the genus and the canonical genus are coincide for alternating knots. This allows us to use the canonical genus to give estimates on the number of alternating knots of given genus and given crossing number.

Definition 3.1. A chord a in a Gauss diagram G is called strongly isolated, if its endpoints occur as . . . aa^{−1} . . . when denoting the endpoints of the chords of the diagram in cyclic order by a letter and its inverse for each chord^1. More generally, a is called isolated if there is no other chord b such that the cyclic notation is of the type . . . a . . . b^{−1} . . . a^{−1} . . . b . . . If G is realizable by a knot diagram D, then the crossing in D corresponding to a is called nugatory. Two chords a and b in a Gauss diagram are called parallel, if their endpoints occur as . . . ab^{−1} . . . ba^{−1} . . .

in this cyclic order notation. Three chords a, b and c are called parallel, if a and b, and b and c are parallel, i.e. we have . . . abc . . . c^{−1}b^{−1}a^{−1} . . . or

.

The basic notion introduced in [13] was a weaker version of deleting parallel chords, which does not spoil realizability. For its definition, which we rephrase here slightly in more Gauss diagrammatic terms, we need the flype move of [10].

Definition 3.2. A knot diagram is called t̄_2 irreducible, if after any sequence of flypes its Gauss diagram does not have a triple of parallel chords. A Gauss diagram is t̄_2 irreducible, if it corresponds to a t̄_2 irreducible knot diagram.

1Here the use of the inverse is made only to conform to standard notation, but the choice for which of the two occurrences to use the letter and for which the inverse is completely irrelevant.

Theorem 3.3. ([13, theorem 3.1]) The set D_g of t̄_2 irreducible alternating diagrams with no nugatory crossings and genus g is finite. We call elements of D_g ‘generating diagrams’ of genus g.

This result allows to make the following definition.

Definition 3.4. For a knot diagram D, let c(D) be its crossing number. And let d(D) be the number of ∼-equivalence classes of crossings under the equivalence relation a ∼ b iff a and b can be made to be parallel chords in the Gauss diagram after some sequence of flypes on D. Set c_g := max { c(D) : D ∈ D_g } ,

d_{g,e} := max{ d(D) : D ∈ D_g , c(D) even } , d_{g,o} := max{ d(D) : D ∈ D_g, c(D) odd } , and d_g := max(d_{g,e}, d_{g,o}) . We have that d_g ≤ c_g ≤ 2d_g . The first inequality in obvious. For the second inequality one needs to note that if for three chords a, b and c, a and b, and b and c can be made parallel after flypes, then a, b and c be made parallel simultaneously, so that the diagram becomes t̄_2 reducible. Namely, the property to be transformable into a parallel pair after flypes means that the two chords intersect the same set of other chords. If this applies to a, b and c, then in the Gauss diagram we have a situation like this:

B_2 B_1 A a c b

(Here the dashed/shaded regions A and B_{1,2} should symbolize collections of chords, whose ends lie on the segments of the circle touched by the region.) Then by applying flypes, which on the Gauss diagram look like

B A a −→ B A a ,

one obtains three parallel chords.

A consequence of the result of [10] is an asymptotical bound for the number a_{n,g} of alternating knots of n crossings and genus g. For two sequences of positive integers (a_n)^∞_{n=1} and (b_n)^∞_{n=1} we write a_n = O_n(b_n) iff lim_{n→∞}^{an}_{bn} < ∞, and a_n ≍_n b_n (a_n is asymptotically proportional to b_n) iff a_n = O_n(b_n) and b_n = O_n(a_n).

Corollary 3.5. a_{n,g} = O_n(n^{dg −1}). More exactly, a_{n,g} ≍_n n^{dg,e−1} for n even and a_{n,g} ≍_n n^{dg,o−1} for n odd. Proof. To see that a_{n,g} = O_n(n^{dg −1}), it suffices to prove that the number of diagrams D^′ of crossing number n in a series generated by a t̄_2 irreducible alternating diagram D of genus g is O_n(n^{dg −1}). But if D has d ∼-equivalence classes, then each D^′ corresponds to writing a composition n = n_1 + . . . n_d, with the i-th ∼- equivalence class in D^′ having n_i crossings (n_i must be even or odd depending on whether the i-th ∼-equivalence class in D has one or two crossings). But the total number of compositions of n into d parts is (_{n+d−1} d−1 ) ≍_n n^{d−1}. Since d ≤ d_g , the claim follows.

The same argument shows a_{n,g} = O_n(n^{dg,e−1}) for n even and a_{n,g} = O_n(n^{dg,o −1}) for n odd. To see that also lim inf a_{n,g}/n^{dg,e−1} > 0, consider the series of a generating diagram D of genus g with d_{g,e} ∼-equivalence classes, and therein diagrams D^′ of n crossings giving compositions with all n_i’s (1 ≤ i ≤ d_{g,e}) pairwise distinct and increasingly ordered (n_{i+1} > n_i). Since flypes descend to ∼-equivalence classes, the result of [10] assures that each alternating knot has at most one such diagram. It remains to note that the number of such compositions is asymptotically proportional to n^{dg,e−1}. The last corollary motivates the quest for some good upper bound on d_g . The bound on d_g given in [13] was obtained by estimating c_g , and this estimate was exponential in g. Here we improve the bound on d_g (and hence c_g) to the conjecturally best possible.

Theorem 3.6. A t̄_2 irreducible Gauss diagram of genus g has at most 6g−3 classes of ∼-equivalent chords.

For the proof we need a small graph-theoretical definition.

Definition 3.7. An anticontraction is an operation on a graph of the following type −→ It makes a vertex of valence v ≥ 4 into two vertices p_{1,2} with valences v_{1,2} < v with v_1 + v_2 = v + 2, such that p_{1,2} are connected by an edge.

3.8. Proof of Theorem 3.6. Consider the Gauss diagram of a generating diagram D of genus g and remove a chord in each pair of ∼-equivalent chords, obtaining a (not necessarily realizable) Gauss diagram G of d_G chords. As D is generating, d_G ≤ d_g . In this Gauss diagram there is no pair of parallel chords. We can also assume that in this Gauss diagram there is no isolated chord.

If you consider a 2d_G-gon with chords indicating how to glue its edges according to definition 2.11, you obtain by Theorem 2.12 a surface S_G of genus g with a graph Ĝ on it. As G has no pair of parallel chords and no isolated chord, the graph Ĝ has no vertices of valence 1 or 2. Moreover, the number of edges of Ĝ is the number of chords of G.

If now Ĝ has a vertex of valence n ≥ 4, then it can be made into n − 2 vertices of valence 3 by anticontractions, each one of which inserts one edge. Repeat this procedure until you obtain a trivalent graph G̃ on S_G. (Neither G̃ needs to be unique, nor coming from a realizable Gauss diagram, but both points are relevant here.)

It suffices to see that G̃ has 6g − 3 edges. As each edge has valence 3, for the number of edges e and the number of vertices v in G̃ we must have e = 3k and v = 2k = 2e/3 for some k ∈ N. The Euler characteristic of the surface S_G is then v − e + 1, because of the one face of the triangulation given by G̃, and on the other hand 2 − 2g, so that

v − e + 1 = − e 3 + 1 = 2 − 2g ,

whence e = 6g − 3, as desired.

A diagram is prime iff the intersection graph of its Gauß diagram is connected. (The intersection graph of a Gauß diagram is a graph with vertices corresponding to arrows in the Gauß diagram and edges connecting vertices or intersecting arrows.)

The following corollary, as well Theorem 1.2, is a consequence from the work of [13] described above (note, that g and the number of ∼-equivalence classes of crossings are additive under connected sum of diagrams, so that considering prime diagrams suffices), Theorem 2.6 and the proof of corollary 3.5.

Corollary 3.9. d_g ≤ 6g − 3 and c_g ≤ 12g − 6.

The work done in [1] can be used to calculate the explicit values for c_3 and d_3.

Proposition 3.10. c_3 = 23 and d_3 = 15. In particular, the number of alternating genus 3 knots of n crossings grows not faster than n^{14}.

3.11. Proof of Proposition 3.10. Consider the Gauss diagram G of a generating diagram of genus 3, realizing c_3 or d_3, and remove in it from each pair of parallel chords one of them, obtaining a diagram G^′. (This preserves the genus, even if it spoils realizability).

We say that a word W^′ of a free group on a set X^′ is a orientable word if each element of X^′ that occurs in W^′ exactly twice, once with exponent +1 once with exponent −1.

A quadratic word W is irredundant if there is no pair of distinct, noninverse letters x, y which appear in W only in subwords (xy) and (xy)^{−1}. A quadratic word W is cyclically reduced if there are no subwords of the form xx^{−1} or x^{−1}x for a letter x.

It is known (see, for example [3]), that the maximal length of a genus g cyclically reduced orientable irredundant word is 12g − 6, and every (cyclically reduced orientable irredundant) genus g word can be obtained from a (cyclically reduced orientable irredundant) word of maximal length by substituting some letters (and their inverses) by unit.

In the language of chord diagrams it means that each Gauss diagram of genus g with no pair of parallel chords and no strongly isolated chord (that is, in particular with no isolated chord) can be obtained by deleting chords from the subset of such diagrams that correspond to the words of maximal length.

Such words were explicitly enumerated in [1] and the explicit list L_g was generated by computer for g ≤ 3. On the level of Gauss diagrams they are the diagrams such that the endpoints of each chord a participate in a cycle of the type . . . ab^{−1} . . . bc^{−1} . . . ca^{−1} . . . or . . . ba^{−1} . . . cb^{−1} . . . ac^{−1} . . .

for (the endpoints of) some other chords b and c, when denoting the endpoints of the chords of the diagram in cyclic order. These diagrams all have 6g − 3 chords.

To calculate c_3 and d_3 we proceeded as follows. First we factored out the elements in L_3 by inversion. Then we considered diagrams obtained by just retaining or doubling chords in diagrams in L_3. We generated by computer all such diagrams with decreasing crossing number (from 30 downward), and tested realizability.

The first crossing number where we found realizable diagrams was 23. The existence of such a diagram already shows that d_3 = d_{3,o} = 15. (As in [1] flypes were not considered, some of the diagrams obtained may contain chords at different positions, which can be made parallel after flypes, and so the realizable diagrams had again to be subjected to a test for t̄_2 irreducibility.) Then we found such diagrams also for crossing number 22, ensuring also d_{3,e} = 15.

Figure 4. Two t̄_2 irreducible diagrams of genus 3 of maximal even and odd crossing number.

Then we needed to check that, with the additional option for each chord to be deleted from a diagram in L_3, there are no realizable diagrams of more than 23 crossings. This establishes that indeed c_3 = 23. (There were, in fact, some realizable 24 crossing diagrams, but they all were not t̄_2 irreducible.)

4. Questions

We conclude by several questions. (Here we say that a diagram D realizes c_g resp. d_g if D ∈ D_g and c(D) = c_g resp. d(D) = d_g .)

Question 4.1. Is always d_g = 6g − 3 and c_g = 10g − 7?

Question 4.2. Is for any g > 1, d_g attained by both even and odd crossing number diagrams? Do the maximal even and odd crossing numbers of such diagrams differ by ±1?

Question 4.3. Are for any g > 1 some (any?) alternating genus g diagrams realizing c_g special (i.e., they are also positive)?

Question 4.4. Is some (any?) knot attaining c_g also attaining d_g (which does not happen for g = 1)?

Acknowledgments. This paper was written during our stay at the Max- Planck-Institut für Mathematik (MPIM), Bonn. We would like to thank the Directors and the staff of the MPIM for hospitality and for providing the excellent working conditions.

References

[1] R. Bacher and A. Vdovina, Counting 1-vertex triangulations of oriented surfaces, Institut Fourier preprint 447 (1998), available from http://www-fourier.ujf-grenoble.fr/.

[2] R. Crowell, Genus of alternating link types, Ann. of Math. (2) 69 (1959) 258–275. [3] M. Culler: Using surfaces to solve equations in free group, Topology 20 (1981), no. 2, 133–145.

[4] M. Goussarov, M. Polyak and O. Viro: Finite-type invariants of classical and virtual knots, Topology 39 (2000), no. 5, 1045–1068.

[5] L. H. Kauffman: Virtual Knot Theory, European J. Comb. 20 (1999), 663-690. [6] A. Kawauchi, On coefficient polynomials of the skein polynomial of an oriented link, Kobe J. Math. 11 (1994), no. 1, 49–68.

[7] M. Kobayasi and T. Kobayashi, On canonical genus and free genus of knot, JKTR Vol.

5, (1996), no. 1, 77–85.

[8] Y. Moriah: On the free genus of knots, Proc. Amer. Math. Soc. 99 (1987), no. 2, 373–379. [9] L. Mosher, A user’s guide to the mapping class group: once punctured surfaces, DIMACS Series, Vol.25,1994.

[10] W. W. Menasco and M. B. Thistlethwaite, The Tait flyping conjecture, Bull. Amer. Math.

Soc. 25 (1991), no. 2, 403–412.

[11] K. Murasugi, On the genus of the alternating knot, J.Math.Soc.Japan 10 (1958) 94–105, 235–248.

[12] D. Rolfsen, Knots and links, Publish or Perish Inc., Mathematical Lecture Series 7 (1976), Berkeley CA.

[13] A. Stoimenow, Knots of genus one, to appear in Proc. Amer. Math. Soc. [14] , Jones polynomial, genus and weak genus of a knot, Ann. Fac. Sci. Toulouse VIII (1999), no. 4, 677–693.

[15] A. Vdovina, Constructing orientable Wicks forms and estimation of their number, Comm.

in Alg. 23(9) (1995), 3205-3222.

Max-Planck-Institut für Mathematik, P. O. Box 7280, D-53072 Bonn, Germany E-mail address: {alex,chernov,vdovina}@mpim-bonn.mpg.de