DECIDING MUTATION WITH THE COLORED JONES POLYNOMIAL

ALEXANDER STOIMENOW AND TOSHIFUMI TANAKA

Abstract. We show examples of knots with the same polynomial invariants, colored Jones polynomial and same hyperbolic volume, which are not mutants.

1. Introduction

Mutation was introduced by Conway [Co]. It is a procedure of altering a knot into a (possibly) other knot, which “resembles” the original one. Most of the common (efficiently computable) invariants coincide on mutants, and so mutants are difficult to distinguish. A basic exercise in skein theory shows that mutants have the same Alexander polynomial. The same argument applies to the later discovered Jones, HOMFLY, BLMH and Kauffman polynomial [J, F&, LM, BLM, Ka]. The cabling formula for the Alexander polynomial (see for example [Li, theorem 6.15]) shows also that Alexander polynomials of all cable knots of mutants coincide. While the Jones polynomial was known not to satisfy a cabling formula (because it distinguishes some cables of knots with the same polynomial), nontheless Morton and Traczyk [MT] showed that Jones polynomials of all cables of mutants are equal. A further coincidence result was proved by Lickorish and Lipson [LL] and Przytycki [P] for the HOMFLY and Kauffman polynomials of 2-cables of mutants. 3-cable HOMFLY polynomials can generally distinguish mutants (for example the K-T and Conway knot; see [CM]), but require a calculation effort that can hardly be considered reasonable. As a follow-up to the Morton-Traczyk result, Przytycki raised a point (see [Ki, problem 1.91(2)]) as to the possibility that the Jones polynomial of all cables might be a complete mutation invariant, i.e. distinguish all knots which are not mutants or their cables. Since the Jones polynomial of all cables is (equivalent to) what is now known as the “colored Jones polynomial”, Przytycki’s problem must be seen in the light of (its considerable impact on) new developments concerning this invariant.

The colored Jones polynomial plays a central role in several important recent problems in knot theory. It is conjectured, for example, that it determines the A-polynomial (“AJ-conjecture” [DG]), and the Gromov norm (Volume conjecture [MM]), and it was proved to determine the Alexander polynomial (Melvin-Morton- Rozansky Conjecture [BG]). Latter fact would follow alternatively from a full mutation invariance property of the colored Jones polynomial. Since Ruberman [Ru] showed that mutants have equal volume in all hyperbolic pieces of the JSJ decomposition, we would also obtain (a qualitative version of) the Volume conjecture. Such a property is also consistent with the AJ-conjecture and a recent result of Tillmann [Ti, corollary 3] on coincidence of factors of A-polynomials of mutants. Note also that the Volume conjecture^1, as well as the AJ-conjecture, in turn imply

1The second author [T] has shown that it is in fact sufficient the Volume conjecture to hold for doubled knots. 1

that the colored Jones polynomial (and hence Vassiliev invariants [BN]) detect the unknot.

In our talk we discussed several pairs of knots with equal colored Jones polynomial. In particular, with a pair of non-mutants, we have an answer to Przytycki’s question.

2. Mutations and Przytycki’s question

Consider a knot being formed from two tangles T_1 and T_2. A mutation is the following operation. Cut the knot open along the endpoints on each of the four strings coming out of T_2. Then rotate T_2 by π along some of the 3 axes - horizontal in, vertical in, or perpendicular to the projection plane. This maps the tangle ends onto each other. Finally, glue the strings of T_{1,2} back together (possibly altering orientation of all strings in T_2).

We consider the following question due to J. Przytycki.

Question (Problem 1.91(2)[Ki]). Let K be a prime, simple, unoriented knot. Is there any knot, other than mutations of K, which cannot be distinguished from K by the Jones polynomial of K and its satellites?

The knots 14_{41721} and 14_{42125} from [HT] are depicted in Figure 1.

Figure 1

These are ribbon knots, and have trivial Alexander polynomial. 14_{41721} and 14_{42125} have the same HOMFLY and Kauffman polynomial invariants, the same (parallel) 2-cable HOMFLY polynomial, and the same hyperbolic volume. For this pair of knots, we can show the following.

Theorem 2.1. 14_{41721} and 14_{42125} are not mutants.

Theorem 2.2. 14_{41721} and 14_{42125} have the same colored Jones polynomial.

Theorems 2.1 and 2.2 combinedly give an answer to the question above.

The non-mutant status of this pair could be shown by calculation of Whitehead double HOMFLY polynomials. The coincidence of the colored Jones polynomial was established using the graphical calculus of Masbaum and Vogel [MV] (or see also [BHMV]). Details will be given in a forthcoming paper.

3. Undecided mutations

The pair we presented came up in the first author’s project to determine mutations among low crossing knots in [HT]. Up to 13 crossings this task was completed by tracking down coincidences of Alexander, Jones polynomial and volume on the one hand, and then exhibiting the mutation in minimal crossing diagrams on the other hand. A (non-exhaustive) verification of 14 and 15 crossing knots turned up several more difficult cases (discussed in [St]), one of which provided the example we showed here.

Even more problematic is the pair 14_{41739} and 14_{42126}, and a number of pairs of 15 crossing knots, for which no mutations could be found in diagrams up to 16 crossings, but (along with all the invariants that do so for our example) Whitehead double HOMFLY polynomials were also found to coincide. The complexity of the 2-cable Kauffman polynomial makes its evaluation very difficult, and we succeeded only for three of the pairs, the 14 crossing knots and two 15 crossing pairs. The 2-cable Kauffman polynomials, too, failed to distinguish the knots. By a similar calculation to the proof of Theorem 2.2, we managed to verify that for the 14 crossing knots and one of the two 15 crossing pairs we mentioned, (15_{148731}, 15_{156433}), the colored Jones polynomials are also equal. Thus these pairs satisfy all polynomial coincidence properties known for mutants. Since we could not find diagrams exhibiting the mutation, this deepens the decision problem whether these knots are mutants or not.

Acknowledgement. The first author is supported by Postdoc grant P04300 of the Japan Society for the Promotion of Science (JSPS). He would wish to thank to his host Prof. T. Kohno, and also to F. Nagasato for some helpful remarks on the A-polynomial. The second author’s research is supported by the 21st century COE program at the Graduate School of Mathematical Sciences, the University of Tokyo. He also would like to thank Prof. T. Kohno for his encouragement.

References

[BN] D. Bar-Natan, On the Vassiliev knot invariants, Topology 34 (1995), 423–472. [BG] and S. Garoufalidis, On the Melvin-Morton-Rozansky Conjecture, Invent. Math. 125 (1996), 103–133.

[BHMV] C. Blanchet, N. Habegger, G. Masbaum and P. Vogel, Three-manifold invariants derived from the Kauffman bracket, Topology 31 (1992), 685–699.

[BLM] R. D. Brandt, W. B. R. Lickorish and K. Millett, A polynomial invariant for unoriented knots and links, Inv. Math. 74 (1986), 563–573.

[Co] J. H. Conway, On enumeration of knots and links, in “Computational Problems in abstract algebra” (J. Leech, ed.), 329-358. Pergamon Press, 1969.

[CM] P. R. Cromwell and H. R. Morton, Distinguishing mutants by knot polynomials, Jour. of Knot Theory and its Ramifications 5(2) (1996), 225–238.

[DG] N. M. Dunfield and S. Garoufalidis, Non-triviality of the A-polynomial for knots in S^3, Algebr. Geom. Topol. 4 (2004), 1145–1153 (electronic).

[F&] P. Freyd, J. Hoste, W. B. R. Lickorish, K. Millett, A. Ocneanu and D. Yetter, A new polynomial invariant of knots and links, Bull. Amer. Math. Soc. 12 (1985), 239–246.

[HT] J. Hoste and M. Thistlethwaite, KnotScape, a knot polynomial calculation and table access program, available at http://www.math.utk.edu/~morwen.

[J] V. F. R. Jones, A polynomial invariant of knots and links via von Neumann algebras, Bull. Amer. Math. Soc. 12 (1985), 103–111.

[Ka] L. H. Kauffman, An invariant of regular isotopy, Trans. Amer. Math. Soc. 318 (1990), 417–471.

[Ki] R. Kirby (ed.), Problems of low-dimensional topology, book available on http://

math.berkeley.edu/~kirby.

[Li] W. B. R. Lickorish, An introduction to knot theory, Graduate Texts in Mathematics 175, Springer-Verlag, New York, 1997.

[LL] and A. S. Lipson, Polynomials of 2-cable-like links, Proc. Amer. Math. Soc. 100 (1987), 355–361.

[LM] and K. C. Millett, A polynomial invariant for oriented links, Topology 26 (1) (1987), 107–141.

[MV] G. Masbaum and P. Vogel, 3-valent graphs and the Kauffman bracket, Pacific J. Math. 164 (1994), 361–381.

[MT] H. Morton and P. Traczyk, The Jones polynomial of satellite links around mutants, In ‘Braids’, (Joan S. Birman and Anatoly Libgober, eds.), Contemporary Mathematics 78, Amer. Math. Soc. (1988), 587–592.

[MM] H. Murakami and J. Murakami, The colored Jones polynomials and the simplicial volume of a knot, Acta Math. 186(1) (2001), 85–104.

[P] J. Przytycki, Equivalence of cables of mutants of knots, Canad. J. Math. 41 (2) (1989), 250–273.

[Ru] D. Ruberman, Mutation and volumes of knots in S^3, Invent. Math. 90(1) (1987), 189–215.

[St] A. Stoimenow, Hard to identify (non-)mutations, to appear in Math. Proc. Camb. Phil. Soc.

[T] T. Tanaka, On the colored Jones polynomials of doubles of knots, preprint. [Ti] S. Tillmann, Character varieties of mutative 3–manifolds, Algebraic and Geometric Topology 4 (2004), 133–149 (electronic).