6. INNER PRODUCT SPACES AND NORMED SPACES

6.1. Inner Products and Norms.

V VS over F F=RorC!

Definition 6.1. A norm | .|| : V — R a map with the following properties:

(1) |v[=0 VveV
[v| =0 < v =0y
(2) |e-vll=lc-|v] forceF veV.

3) [[v+wl| <]V +]|lw]] v,weV (A inequality)

(V.| .]) is called normed space.

Example 6.2. |x| = y/z7+ -+ 22  x€R" standard Euclidean

I
norm on R"”

1%
but there are other norms L? spaces (p > 1)
LPC) = {f:C>F:
= 2 P4 ... P
1%l VP 4+ ] §|f|P de <0}
Ixllo = max(|z1],...,|znl) c

1fllp == /5 1fIP de
C

L* := { fbounded }

1flloo := max|f]
Definition 6.3. X set
a distance function d : X x X - R
satisfies
1) d(z,) = 0 2) d(z,y) = d(y, )

dlz,y) >0 Yy #=x
3) d(z,y) +d(y,2z) =d(x,z) Va,y,ze X

(X, d) metric space

Example 6.4. If 3| .| on V, set
d(x,y) ==y = x| = [x -yl
v (V) d) metric space

Definition 6.5. convergence Tn,r € X

{z,} — ifVe>0 IN Vn>=N d(z,,z)<e
= d(Tp,Tm) < 2¢

Definition 6.6. {z,} c X Cauchy-sequence if
Ve>0 3N VYnm=>=N d(x,,xm) <e

{x,} — x converges = x,, Cauchy-sequence
1
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Definition 6.7. (X, d) is a complete metric space if

every Cauchy-sequence converges

Definition 6.8. If (V,|.|) is a complete metric space
with d(x,y) =[x =],

then V' is called a Banach space.

Definition 6.9. an inner product {(.,.): V x V — F satisfies the following

properties:
) &x+y,z)=x2)+y,2)
2) <CX7 :Y> = C<X7 Y>
3) x,y)=(y,x) for F=C x,y)={y,x) for F =R
4) x,x) > 0ifx#0y (3)=(x,xeR;2) = 0,x)=0)

(V,{.,.)) is called inner product space (IPS).

1),2) (., .)is linear in first argument:
(x+by,z) — (xzy+ by, beF

3) = (., .)is conjugate linear in second argument (F = C)
linear (F =R)

(x,y +bz) = (x,y) + b{x,2) beC.

linear in first & linear in second argument = bilinear

linear in first & conjugate linear in second argument = sesquilinear

Example 6.10. standard inner product on C"

@1,y @n), (Y, yn)) = ) @il
=1

Example 6.11. in C?
{1 +1,2—310),(4,4+ 5i)) =

(1+4)-44(2—3i)- (4+5i) = 4+4i + (2 —3i)(4— 5i)
= 4+4i+ (84 15— (12 + 10)i)
= 27— 18i

Example 6.12. V = C([0,1]) = { f : [0,1] - R continuous }

@@=fﬂmmﬁ
0



Definition 6.13. A€ M, (,)(F) define A* = AT adjoint matrix

(A%)i; = Aji

1 1+ 24 1 2
Ex. A= L
2 2—-31 1—-2¢ 2+ 3

Example 6.14. Frobenius inner product on M, (F) =V
(A,B) = tr(B*A)

(A+B,C) = tr(C*(A+ B))
= tr(C* A + C*B)™ *WE UV (0% A) + tr(C* B)

— (A,C)+(B,C)
(A, A) = tr(A*A) i
i i zkAkz i i Akz

= ii Akn — dk,i: Ag; #0
=1 k=1 = A#0

Theorem 6.15. If (., .) inner product, then |v| := 1/{v,v) norm.
moreover it setisfies the
Cauchy-Schwarz inequality oy | < %]yl

parallelgoram identity la+b|? +[a—Db|* = 2(|al* + [b]?)

~ test normed space is not an inner product space

Definition 6.16. If (V,{., .)) is a complete metric space with

|.] = /<., .), then it is a Hilbert space.

inner product s norm s distance
( inner product space ) o < normed space > o < metric space )
3 3 3
Hilbert space s Banach space v~ complete metric space

Ex. L*(X) LX) p>1

Theorem 6.17. An inner product has the following properties:
1) sesquilinear (F = C) or bilinear (F =R)
2) (x,0) = <0,x) =

3) (x,x) =0 <= x=0 (positive definiteness)
4) ifxy) = (x,z) Vx = y=1z (non-degeneracy)



Example 6.18. V = { f:]0,2n] -C {f,9) = QL Jf(x)m dx

s
27
12 de < o0}
0
= L?([0,27]) =~ L*(Sh) (Fourier calculus)
Consider f,(t) = e neZz

(fo=1)

<fm7fn> = — ( eimt W dt (m +£ n)

o

(\ i(m—n)t dt 1 i(m—n)t o 0
= — e = ————¢€ =
27 27i(m — n) 0

o

27

a2 = s oy = — [ et o gy

o

o

<fm7 fn> = 5mn

Definition 6.19. If (v,w) = 0, say v is orthogonal

(perpendicular) to w and write v L w.
S c V is an orthogonal set if v I w Vv#weS

S is orthonormal if S orthogonal & |v|| =1 VveS
S < V is a complete orthonormal if S orthonormal and

VveV\{0} : v el :(v,v) #0

Remark 6.20. S = {vi1,...,v,} # 0 orthogonal v; ~ ﬁ normalization — S’ = {Vi/Hvi I }
Vi
orthonormal set
Theorem 6.21. (Riesz-Fischer) {ei”t } is a complete orthonormal set
neZ
on V = L*(S1)

6.2. Gram-Schmidt and orthogonal complements.

Definition 6.22. S < V inner product space is orthonormal basis if
S is orthonormal set and a basis

€
NG

Example 6.23. { (2,1), %(1, —2) } is orthonormal basis

of R?

Example 6.24. L?(S') has a complete orthonormal set S
which is not a basis. (It is not clear how to find an orthonormal basis.)



(by Gram-Schmidt) 5
!

We will later see that in finite dim.

complete orthonormal set ~ orthonormal basis

Theorem 6.25. [fV inner product space € S = {vy,...,vi} orthogonal set
(vi #0) &y € span(95)
then

k
_ Z <y,V@> v, (1)
in particular if S is orthonormal

k
y = Z <Y7 Vi> Vi (2)

Proof. (2) = (1) by normalization, so prove (2).
Let y = > a;v; <= y € span(S)

Then (y,viy = Qaivi,vi) = Yai(vi,v;)

= Zai&-j = aj D

Remark 6.26. (1) and (2) are called orthogonal decomposition of y (w.r.t. .S)

Corollary 6.27. V inner product space S % Oy orthogonal (<= orthonormal) =

S linearly independent

Proof. if > a;v; = Oy
aj = aivi,vj) = Ov,v;) =0 VY O

Corollary 6.28. k )
HYHQ = Z |<y7V¢>\ {vi} orthonormal set
i=1
(073 a;j
k  —— k  —A—
PTOOf. <y7y> = < Z y,Vi>V¢, Z <y,vj>vj >
i=1 j=1
E k
= 2 2 a;a; {Vi,Vy)
i=1 j=1 ——
51'.7'
k k
= Z a; a; = Z |a2|2 O
i=1 i=1

How to get orthonormal basis?



orthogonal projection w1, ws € R? linearly independent

Wo — \72 1 \72
W2

Vo W1 Vo = Wog—cwy 1wy

b 4

(Wo,Wi) = (Wy — w1, W)+ (W, W) = C||W1H2

_ (Wa, wW1)
w2
- {wa,w1) ..
Vo = TwilE wi orthogonal projection of wy onto wy
W1
orthogonalization

Vo = W — Vo = W —<W2’W1>W

2 = W2 2 — W2 w2 1 of wy w.r.t. wy

Theorem 6.29. Let S = {w1,...,w,} be linear independent set of
inner product space V. Then

k—1
Wi — Z (Wk, Vj)V;

Jj=1

k—1
H Wi, — Y, (WK, V)V
j=1

vV = gives an orthonormal
set S" = {vi} with

span(S’) = span(95)

Gram-Schmidt orthonormalization

Example 6.30. R*  w; = (1,0,1,0) ws = (1,1,1,1) ws = (0,1,2,1)

W1 1
V] = = —(1,0,1,0)
[will V2
) 1 1
Vy = Wo —<W2,V1>V1 = (1,1,1,1) \/7 5(1,0,1,0)
— (0,1,0,1)
0,1,0,1 1
vy = M = —(0,1,0,1)

10,1,0, 1) V2

V;Ig = W3 — <W3,V1>V1 - <W3,V2>V2

— (0,1,2,1) — (1,0,1,0)— —— 2. —(0,1,0,1)
s Ly \/7 \/7 y Ly \/§ \/§ y Ly Uy
= (—-1,0,1,0)
1
V3 = s —(_1707170)

[vsl V2



1
Example 6.31. V = P(R) {f,q) = Jf
-1

S =A{1, =, 2%}

1
[wa]? = J12 =2  w

1
1
Wy =X Vo = wy — (W, V1)V (Wa,vy) = Ejl-mdl’z()
]

1
2
2
= d:
Jx x 3
1

= =z

Wo =

=z f%
2 = T 7= -
[v2| 2

9

W1

wal

[v=?
W3:(E2 \73 = W3—<W3,V1>V1—
—<W3,V2>V2
V2 1
—W —_— — ¢ —
3 3 \@
3
= —— = /= (22— =) =4/=(32 -1
T el TNEW T3) S yEEe Y

Example 6.32. (continued)

&1

express f = 1 + 2z + 322 as a linear combination of {vy,va, v3}

B B ‘ calculate inner product instead
f=2avi a; = (fivi) of solving a linear eqn system *
0 1 2 1 1
a; = — (1 4+ 2z +32%) doz = —+—<x2+x3‘
! J \/5( ) V2 V2 ~1
—1

1
3 9 3 (x
ang\/;x(l+2x+3x)dx= 5(7
-1
= 3\3 =

1

as = J \/§(3x2—1)(1+2x+3x2) dx

-1

12842
3 4
26

3

_ /8
V5




fin. dim. space oo dim. (Hilbert) space

{v;} orthonormal basis {v;} (countable) complete orth. set

n [e¢]
X = Z X, Vi)V X = Z (X, Viyv;
i=1 =1

converges in norm
(ortho. decomp.)

n

x— >, {x,vi)v;

1=1

— 0
n — o0

n

2

Ix|* = 2 | (Vi)
1=

xI? = 3 (v ]

=
When V' = L?([0,27]) and S = { e },

the orthogonal decomposition

0

f(t) _ Z <f7 eint> eint

n=—auo

is called Fourier series (and < fs emt>

Fourier coefficients) of f.

Example 6.33. L?([0,27]) 25 = { ™ :neZ}

w —_—
flt)=t fn
27 21 A )
e g = L a1
|1 _QWJttdtte_]RQWJt dt = —
0 0
27 )
1 - 2 )
Gdo = g eTw = S —n P =
0
27 21
<f7fn> = ift-ﬁdt: ijt'e_intdt
27 o
0 0
\g 1 t 2 1 2 W
2\ —in (—in)? —
i ’ _ 1 —int +C
& 27 S - (—in)2
2
“in 0
1 )
= = a L=Vl
1
|<f7fn>|2 = — n € Z\{0}



Thus
472 = it (2 o1
5 = WP = X Knemf = vz o
n=—oo n=1 n?
&1 2 .
¢2) = X == even Riemann zeta values

n=1
L0
((z) = > — converges absolutely for z € C if Rez > 1

n=1
Riemann zeta function

(v~ Riemann hypothesis etc.)
similarly it is known
¢(2k) = 72F - (something rational)
but odd ((2k + 1) 77 odd Riemann zeta values?

¢(3) ¢ Q is known, and

1
dimg spang { C2k+1): k=1 } — > atest cry |

I

(so ooly many are irrational, but which?)

of research

o0
Example 6.34 Z e

3
—it/2+ gt

f=e L2([0, 27])

27
1 1
2 _ | oVBt g — <62\/§7r _ 1)
=5 | 25n
0

27

V3 .
(f ety = %J et(7+(—1/2—”)1) dt
0

_ 1 IPRVET —(2n+1)mi _
(L~ (o 1)) (=) e
n 2 _ 1 V3w 2
el = (27r)2<% + (n+ 1/2)2> <€ o 1>
n?+n+1

0

1712 = 3 [Kf ety

n=—0o0

-1
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ﬁ@zﬁn _ 1) _ Z

e
LIRNOGIED S
V3 eVBT 41 L~ n2+n+1
= 1 = 1
B nZO n?+n+1 ;0 (—n—12+ (—n—1)
Vr _ &
1.798~%Zﬁﬂ—+1 = ;Jm

orthogonal complements

Definition 6.35. set S < V inner prod. space
={xeV :VseS (x8) =0}

orthogonal complement of S

Theorem 6.36. St is a linear subspace of V.

Example 6.37. {0} =V vt = {0}

VveV (x,v) =0= {x,x)=0
I
N

= |x|=0 = x=0

Example 6.38. Let V = L?([0,27]) S =span{ ™" }
S
St = §1 = {0} although S # V
I

S’ complete orth. system

so V has a proper subspace with trivial orthogonal
complement (this does not happen in finite dim.)

Theorem 6.39. (orthogonal decomposition)

Let V o W f.d. subspacey € V.
Theny = u + z wunique decomposition
M M

W w+t

oe}

n=0

y
and u ‘closest’ toy on W: A
ly—ul<|y—-x| vxeW u

Proof. u:= > {y,v;)v; for some orthonormal basis

of W
Z:=y—u

n?+n+1



ly =x* = Jut+z—x|* = |(u-x)+ 2z
= u—x[*+]z[* > |z]* = |y —ul*.

u—xeWw

sewl {u—x,2z)=0

Definition 6.40. u orthogonal projection of y on W

z orthogonalization of y w.r.t. W

Theorem 6.41. V fin. dim. VS W subspace

V=WoWwt dim(V) = dim(W) + dim(W+)

6.3. The a adjoint of a linear operator.

Ae M,(F) ~ A*=AT
now we define the corresponding linear operator

Theorem 6.42. V fin. dim. inner product space /F
Vg : V—>F linear N xeV :VyeV g(y) =<{y,x)

I can represent a linear map to F as an inner product

with a vector x.

Proof. {v;} orthonormal basis

x =2 9(vi)vi

x unique because ( , ) non-degenerate. [J

Now let

T:V >V linear yeV

x — (T'(x),y) is map to F linear in x
m m
4 F

Theorem

w3y eV (T(x),y) = xy)

map y — y’ is called adjoint map to T’

Definition 6.43. T : V >V Define T* : V — V by

T'(x),y) = xT*(y)) VxyeV

Theorem 6.44. T* is linear and if 3 is orthonormal basis of V

M ) - gy (- T

(Proof: book)
Corollary 6.45. A€ M,(F) Ly« = (LA)*

(T*)* =T

11
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6.4. Self-adjoint operators.

Definition 6.46.
T :V -V self-adjoint (Hermitian) if 7" =T*
Ae M,(F) self-adjoint ifLqa=L% <— A=A*

- F=R A = AT symmetric matrix

F=C A= ZT Hermitian matrix

Tx),y) = xTly)  xy.

Theorem 6.47. a) N\ EV = X real b) eigenvectors to different EVs
are L

Proof. a) (Ox,x) = (T(x),x) = (x,T(x)) = (x,Ax) = A{X,X%)
Il

A (X, X) x,x)y#0 — A=)
T(x) = \x
b) (T(x),y) = M xy) T(y) = A2y

Il
&, T(y)) =X (x,y) TM xy) M- M)&xy)=0 0

#0
a)

Theorem 6.48. T self-adjoint =—> xr splits.

Proof. clearly over F = C. Over F = R regard 1" as an operator
over C, then xr splits over C, but all EV are real, thus
x1 also splits over R. O

Theorem 6.49. (Schur) T self-adjoint = T is diagonalizable
and has an orthonormal eigenbasis

Definition 6.50. T : V — V self-adjoint is called positive/negative definite
semidefinite

if (T'(x),xy > 0 Vx # Oy

NNV A

A positive /negative (semi)definite <= L4 is so

Theorem 6.51. T, A positive def. <= all EV) >0
negative def.
positive semidef.
negative semidef.

AN\

Example 6.52. f(x1,...,2,)€R f:R*">R

Vf(xy,...,2y) =0 critical point

Hessf(xo) = ( 7 (XO))Z]:l

&viaxj

gradient
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Theorem 6.53. xq crtitical point of f Vf(xo) =0

Hessy(xo) positive def. = xo loc. minimum = Hess(xo) pos. semidef.
negative mazrimum negq.

A Ag A, =A

Ap = (aiy);

1,j=1
principal minor

Theorem 6.54. (principal minor test) Ae M, (F) A=A*

A pos  def. — det Ay, >0
def. —1)*det A
neg ef. — (=1)"detAr >0 VE=1.....n
pos semid. < det Ay, =0

neg semid. <= (—1)FdetA, =0

6.5. Unitary and orthogonal operators and their matrices.

Definition 6.55. 7' : V — V is unitary (F = C) or orthogonal
(F=R)if |T()| = |x| VxeV.

preserves length Ao/u:<= Ljo/u

Ex. reflection in R? Ex. +Id , \Id
1 0 F=R
0 -1
rotation 0 € (0, 27)

cosf —sinf
Rg = | | 0
sinf cosf

Theorem 6.56. dimV < o
T orthogonal/untary <= TT* =T*T = Id
= T invertible and T~! = T*

A =1
F=C

R R

Remark 6.57. T o/u = T injective. But if dimV = o0 not always surjective.

For example, on

e0] o0
V= 1 = (@1, @nye) s D el <0} (xy) =l am
i=1 i=1
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consider
T((z1y yXny--.)) = (0,21, ..., Ty ... ).
2 w2 — 2
Lemma 6.58. x,y) = Ix+yl 2X Iyl PR
Re(x,y) = (same)
F=C
Smx,y) = Relxiy)

Lemma 6.59. T is orthogonal/unitary <= T preserves (., .), i.e.,
T'(x),T(y)) =<xy) VxyeV

Proof. “=" e.g,F =C

Sm (T(x),T(y))

Re (T(x),iT(y))

= Re (T'(x),T(y))
IT(x) +iT(y)|* = IT(x)|* - |T(iy)]?

2
_ |7 (x +iy)|* — [T(x)|” — [ TGy)|?
T unitary 2
L I el L o 4
2
=  Re xidy) = Sm (&xy) O
Proof of theorem 6.56.
Tx),Tly)) = &y VxyeV
Il
(I*T(x),y)
oo
non-degenerate
- x=T*T(x) = T*T =1d O

Corollary 6.60. |det(T)| = 1.

Proof. det(T*T) =det(T*)det(T) =
det(T) det(T) . O

Theorem 6.61. T unitary/orth. X EV = |\| = 1.

Proof. x| = |T(x)[ = [Ax] = Al [x].

Example 6.62. (!!) rotation shows that 7" may not have EV
(over F = R) in particular not diagonalizable!

(Below we'll see this doesn’t occur for F = C.)

Theorem 6.63. T unitary/orth.  eigenvectors to different EV are L.
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Proof. T(x) =\ x
T(y)=Xy
&y)y=Tx),Ty)y
= Mix,y) = ey & y) #0,
then >\1X2 = 1, but |>\1|2 = )\1X1 =1
— )\1 = /\2. O

— rotation Ry det =1

1 O) det = —1

Example 6.64. orthogonal maps of R? (
~ Rg . 0

Theorem 6.65. T orthogonal / unitary V. — 'V, dimV <o, W c V subspace
i
(rw))" = T(n4)

Proof. x e (T(W))L — VYweW (x,T(w))=0

Let y € V. Then T(y) = x € (T(W))L (T(y),T(w)> =0 YweW

Il
— (y,w) =0 YweW

— yeWt
T—l((T(W))L) — WL apply T 0

Corollary 6.66. 7" : V — V over F = C. dimV =n <

unitary = T diagonalizable

Proof. Induction over n = dim V.
x7 has a root A € C (because C is algebraically closed)
Let v € V' be eigenvector to EV \.

S = Fv = span({v}).

Then T'(S) = S.
Thus T'(S*) = T(9)* = S+,

i.e., St is an invariant subspace of V of dimension n — 1

Consider 7" =T| : St — S+ unitary
SL

By induction 77 =T

is diagonalizable

SJ_
36 < St OB
)\1 0
5’={V1,...,Vn_1} [T/],g/ = "
O )\nfl

Consider OB 8 = {v,vy,...,vy,_1} of V.
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Ao A 0
A1
Then [T]g = = 0
0 [T"]g 0|
O )\n—l
= T diagonalizable.
7. Conics (EFA)

\/

A cone cone N plane (except if going through the vertex)
o4 is a circle O )
ellipse O
conics
parabola < Qm
2=+ hyperbola <
J

Example 7.1. shed light with a flashlight on a wall (all types occur)
planet orbits are ellipses

path of water in a spr

inkle is a paralbola

if you sharpen a pencil, you get a hyperbola

7.1. The general conic.

all x = (x1,x2) with 23 + 23 = r? form a circle of radius r at (0,0).
m
RZ
b a=,|—
)\1, )\2 >0 a - A\

)\1:1;% + )\2153 = ¢ gives an el

(3)

Let us rewrite (3) as
T1

(4) x'Dx—c=0 x=<

lipse

If we rotate (around the origin) the ellipse by «,

we get that X = R_,x must satisfy (4).



(RT, = Ro = R)

(5) x"RDRT"x —c = 0
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equation for rotated

ellipse at origin

If we rotate and translate the ellipse by v then

X = x — v must satisfy (5).

(xT —vIYRDRT(x —v) —c =0

equation for ellipse

in general position

Let A= RDRT
b = Av, d=vIAv —c

xTAx —2xTb+d =0

Example 7.2. Start with ellipse 227 + 423 = 1

r(2 O L
X(O 4>X 1=0 (6)

—_——
D

What equation do we get when we rotate by % = 45°7

™

N NG) sin(m/4)  cos(mw/4)

(%/5 —1/\/§> o (cos(w/él) —sin(w/él)) sin(7/4) =
cos(m/4) =

-

/)

3 -1
A= RDRT =
-1 3

xTAx—c =0
T

X = ( 1) xTAx = 327 + 322 — 2z120
T2

CIRGAS]

v equation for rotated ellipse

322 + 323 — 2x120—1 = 0 translated <2

o

=]

fa

2
Now we translate by a vector v = ( 1)

3 -1 2 9
d=<2 —1) —1=3v] +3v2 +2—2v1v3 — 1
-1 3 -1

=3-2243.-(-1)2—-2-2-(-1)
=12+3+4—-1=18
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3 -1 7
xT x —2xF +18 =0 X = e
—1 3 -5 To

322 4+ 322 — 2x1x2 — 1421 + 1022 + 18 = 0

(end of Ex.)

Similar forms work for every conic.

N

Example 7.3. hyperbola Ty = —

B

r1xgo = 1
o 1
x7 2 x—1=0 X = o
I 0 T2
Example 7.4. parabola To = x5

2
i —x2 =0

General form of a conic

|
[an)
—~
EN|
~—

2 2
Cc1T] + c2x5 + Cc3x1T2 + c4x1 + C5T2 + Cp

H

1 _1
xT “l /acs x —2x7T /2ca +c = 0
Yocs  c2 —Ypes
| S—
A

7.2. Analyzing conics. Question: given (7), what type of conic is it?

first analyze A

A is diagonalizable; let A1, A2 be eigenvalues
write |A| = det A.

1. if /\1,)\2 <0 or )\1,)\2 > 0, then

0
A2 = ’A| >0
conic is an ellipse or circle
1 1

A # X A = Ay <= A scalar

or it is a degenerate case: a point  or empty

eg. 3 +x5=0 i +r3+1=0

(elliptic case)
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2. |JAl=0—- wlog A =0 (parabolic case)

if A2 =0 — A = 0 degenerate (line for ¢4 # 0 or
cs # 0
]RQor@fora;:%:O)

A2 # 0 —> conic is a parabola

or degenerate (2 parallel lines, 1 line or empty)

3. |A] <0 (A1, A2 have opposite sign) (hyperbolic case)

= 3} o 4
conic is a hyperbola or degenerate case: xz1 + @2 =3 !
2 lines
Eg (x1+x2—3)(x1—4) =0 N
Ti+z120—Tr1—422+12 = 0 \

How do we see if some conic is degenerate?

We will check it using the center.

7.3. Position of a conic and degeneracy test. Every non-parabolic conic (incl degen-

erate) is obtained from one in

x'Dx—c=0 (center (8))

At 0
D = ( ! ) (8) by rotation and translation.

0 X @

standard form

Write conic in form

x"TAx—2x"b+d = 0 9)

translation vector v satisfies Av = b
you know A and b; solve for v. if [A| # 0

v € R? is center (we regard it as a point now)

Degeneracy test for non-parabolic conics (|A] # 0)

1) if center lies on the conic, then the conic degenerates
%]
2) Otherwise the conic is either regular, or

|A| > 0 and the conic is empty.

To finish degeneracy test, we must know how

to test for empty conic. We assume |A| > 0.
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Evaluate the r.h.s. of (9) for x = v

get some number t € R:

t = viAv —2vib +d.

a point.)

)
4 (@ c> If Ai,A2>0 (<= a>0)andt >0, or

A, A2 <0 (<= a<0)andt<0

then conic is empty, otherwise it is a circle or

ellipse (regular).

(If t = 0, conic is

} — a-t>0

In that case, up to translation and rotation we have the basic form (3) with

c = —t, thus

[t|m

t t
= -, b: -, = . b: =
“TNTN Vo T e /4]

Example 7.5. 27 + 122 — 721 — 422 + 12 = 0 (from p.19)

xT (1 1/2> x — 2x 7 (7/2) +12 =0
h 0 2

Av =D

b ) () = -0

4
put into the conic equation x = ( 1) r1 =4, xz2=-1

4244 (=1)=T7-4—4-(=1)+12 =16—-4—-28+4+12 = 0

Example 7.6. Let’s test this on a complicated empty conic

(z1422-3)° 4+ (21 —-4)°+1 =0
[N ——

(1] (2]

202 + 2120 + 2 — 1421 — 622 +26 = 0

Now forget first equation; how do you see conic is empty?

2 1 7
xT x — 2xT +26 = 0
1 1 3

~— ~——
A b

Let’s first check [A] = 2-1—-1-1=1>0 (ok)

(2 1) (7> ( : )

Solve v — v =

1 1 3 —1
A b 7

4
-1

can see this also in (10)
> because the two lines

Test Lh.s. of (11) for x = v = (
given by [1] = 0 and
[2] = 0 intersect at

1 =4, r2 = —1 (4, —1)

can see it from the
picture on p.19

center on coinc
v~ conic degenerate

(10)

(11)



clear from
B ) B 2 B B (10)
t=2-4 +2-4-( 1)+( 1) 14 -4 6-( 1)+26 !

32 —8 +1 —56 +6 +26 = 1

A:(Z z>:<<? 1) a=2>0

a-t=2-1>0 -~ conic is empty (End Example 7.6)

To determine rotation, we need to find
eigenvectors of A in (9) (rotation does not
depend on b, d)

1) If EV A1 = A2 (and conic is not degenerate)

then conic is a circle, and rotation does not matter
A0
AM=X(=:)) <<= A=X-Id= \ scalar

2) So assume A1 # A2
[vi| =1
Let vi, v2 be normalized eigenvectors to A1, Aa.

Av; = \ivi. We know vive = 0 [vi] = 1 determines
v; up to +1
as before left R = <v1 V2> .

We know R is orthogonal. Thus |R| =1
or |R| = —1. If |R| = —1, replace vi by —vi.

Thus assume |R| =1 v R = R/ (rotation matrix) .

A1 O
0 X

A = RART R is the applied rotation

We have

AR = RA

« is the angle of rotation
compare to

(5) on p.17 with D = A (up to multiples of 180°)

3 -1
Example 7.7. We consider the matrix A = ( 5 ) of p.17.

det(A—Xd)=3-XN)? =1 =X —61+8

M2 =3+/9-8 A =4 X=2

-1 -1
A =4 Ar=A—-\ld=
-1 -1

21
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V1,1

Aivi=0 vi= < ) — V1,1 — V1,2 = 0 I

V1,2

e
s

1 -1
Ao =2 A2:A—/\21d:< . 1)

1
Avo =0 vo=t <1> [va| = |t|-vV2 = 1

@ ()

choose first ‘4’ in both@:

1 (-1 1 1
R = <V1 V2) = E <+1 1) ’R’Zi-(—Q) = —1

1

1 1
change sign of vi — % (

> — thus now sign correct
-1 1

cosa —sina
R=R, = . cosa =
sin « CoSs &

Sl

sina = —

Q
I
|
&
o
Sl

Why did we get —45° and not 45°, as we did in example 7.27
Because we used different order of EV \;. With (6), we put
in (8) A\1 =2, Ay =4.

1

1
If we use order A\1 = 2, Ao = 4 of p.17 here, we have R = (V2 Vl) = E (

1

wo = 45°, as in that

example

determining (symmetry) axes (except for circle) and asymptotes of hyperbola

symmetry axes = v+ multiples of eigenvectors of A (= cols of R) =

= v + ti1vi, and v + tava (for ¢1,2 € R independent variables)

—1
1
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asymptotes (of hyperbola) = v +t4+ - R - (

i)

(S ——
vt

. A0 .
(t+, t— € R independent, D = 0 with A1 A2 < 0).
2

Example

T3+ T100 — Tx1 —4wo + 12 = 0 (from p.19)

T 1 1h x — 9xT h
oo 5]
()
—1
1 1 1 1442

2_\_1, = = _ 4t/ 4+ =
A A=1lp=0 >\2_ 4-i-4 5

In calculating asymptote vecs can use multiples, so write w = u for w = ¢ - u, ¢ # 0.

1—+/2 1
2 1
Mo LEV2 | 2 2 vy -
? 1 —1-+2 ~1++2
2 2
- 1—42
A2 = 1 2\/5 e V2 = ( \/_> (by Lity "." A1 # A2 no circle!)

V2-1
oo 1 1 1-v2\ [TV 2. L 1=42) [ £
£ 4—\/§<—1+\ﬁ 1 ) V2 +1 <1+\/_ 1 )(x/i+1>
2
B +1-1 (-2 0. [-1) (o
C\Fr+v2ev2+1) 0 2 )7 \ev2) \ 1) \1)
- +
» 4 (1 4\ 5 (o TR
giving | JHt- ] | TR (t+ =ts),

the lines given by the two factors (x1 + z2 — 3)(z1 —4) = 0

(the hyp. case degenerates into its asymptotes)

Degeneracy test for parabolic conics (|A| = 0)

We consider now (7)

(7) 123 + cox3 + caxixa + caxr1 4+ 52 + 6 = 0
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and we assume that

c3
A= 2 has |A] =0, but A#0
€3l c2

This parabolic case determines either

a parabola (regular case)

2 parallel lines

1 line degenerate cases
%]
2
3
|A| = cie2 — il 0 —> ci1c2 = 0 — c1,c2 have same
sign (or
one is 0)

w.l.o.g. multiply (7) by —1 so that ¢1,c2 = 0.

Let e = sgn(c3) if e3 # 0
orlofes3 =0

C3y = 2¢ - A/ C1C2

Then cla:% + m% + c3x1T0 = (‘ /c1X1 + €4 /02:1:2)2.

C4T1 + C5T2

Degeneracy test: cseq/c2 = (Jcic5 7 multiple of
Veirxn + e/eame

If no — conic is parabola (regular)

if yes, let h be so that

Cq Cs
h=—orh-=
h - («/61151 + Eq/ngz) = C4Z1 + C522 v/ C1 E4/C2

whatever makes sense

Test now the solvability (and number of solutions) of the
equation

y2+hy+06 =0

(Here y = /c1z1 + €4/c2x2.)

h2

T > cg two solutions — two parallel lines
h2

T = ¢g one solution — one line

h2

e < cg no solution — empty

Example 7.8. —4x7 — 23 — 4x122 4+ 1021 + 5za —6 = 0

—4 -2
A= 1Al =0
—2 -1

here c1,c2 <0 multiply by —1

43:? —i—a:g +4x1x0 — 1021 — S22 +6 = 0
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Ve =2, 2 =1 — dat+4x3+4zize = (201 + 22)?

now apply degeneracy test: -10-1 -1 = 2 -(=5) 7
ca € \Jea Ve o oes

conic
yes — degenerate

h:C_“:_E:

4/ C1 2
Thus  42? + 22 + 4z120 — 1021 — 5z2 + 6
=y? —5y+6 (with y =2z + x2)
Bl
Solutions of y?> —5y+6=0arey =2 and
y=3.
5

(2 solutions because 6 < (5)2)

Thus we have 2 parallel lines 2x; + x5 = 2 and
2r1 +x2 =3

-5 (ok since y/c1 # 0)

\\

Example 7.9. —4z? — 23 — 4x120 + 1021 + 5ze — 6.25 = 0
repeat calculation of previous example until
0 =1y>—5y+6.25 (with y = 2z1 + x2)
5\ 2
6.25 = <§> — one solution y = 2.5
conic = 1 line 2x1 4+ x2 = 2.5
Example 7.10. —4:5% — a:% +4x1x9 — D1 — 622 + 6

— 422 + 23 — dx129 + 521 + 622 — 6

4 -2
A= (_2 ) ) e =sgn(—2)=-1

V=2 Ja=1
degeneracy test:

5.(-1) - 1 6- 2

0 e & — s o T~ W0 — parabola
(regular)
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Example 7.11. 423 — 422 +2 = 0

0 0
A= (0 4) (c1 = 0, c2 = 0 — no need to change sign )

sgn(0) =0 —e=1
Ver=0 \Jez =2 ca =0

Cs = —4
degeneracy test:
0-1- 2 =-4-0 —> yes degenerate
ca € Jea s o
cq 0 cs —4
h=-""2 --X h = - - = 2
ver 0 £4/C2 2
y? —2y+ 2 (yz\/am—i-a‘ \/am:m)
| IS | L | I | I Iy I |
+hy cs 0 1 2

2
ce > v — no solution y — conic = &

determining vertex and (symmetry) axis of parabola

xTRDRTx — 2xTb +d =0

RT
Il
A= RDR™!
RD = AR first col include Evec to A # 0.
r A0
cols = eigenvecs of A So D = .
0 0

Let x = Ry. Then

vy Dy —2y"R™b +d =0
—

Ay%

0
Solve for y2 and find vertex u and axis u + - .
Y2 Y2 1

0
(If you want vector pointing inside parabola, - -- + -t for S R™b)
sgn(zz2 - \) 2

Evec to A =0
—

0
Then orig vertex is x = R - u and axis R - n +R- - t.
Y2 Y2 1

Example

x3 4+ dxixe + 423 + 5xg — 1 = 0.

1 2
A= , detA=0.
2 4

A—1)(A—4)=4=X=0,5EV.
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A=5 Evec

2
A=0 Evec( 1>-t

1
2) -t (test: Evec 1)

1 (1 2 ) get=—1 1 (1 =2
R=— S — —Rs=R
Al )= sl )

0= arccos(%)

= arctan(2)
N
VE\-2 1
1 2 0 -5
rotate: x = Ry R™p = 1 . - L
VE\l-2 1 —5h 5 \ =9
5 0 1 —-10
T T
- = —1=0
Y (0 0) V5 (-5)
10 )
597 + —=y1 + —=y2 — 1 = 0.
Y \/gyl \/ng
Yo = — <\/5yf + 2y1 — %> (can solve for ys v~ is regular parabola)
1\* 2
() -5
< v V5 V5
1 2
vrt/axis | ——,+—= ) + (0,1) - ¢
/ ( V5 5> ©-0

rotate back:



